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Abstract. In this paper, we prove that the cyclotomic BMW algebras .^2p+l, 
are cellular in the sense of [16]. We also classify the irreducible ^2p+i,n- 
modules over a field. 



1. Introduction 

Let r, n be two positive integers. Haering-Oldenburg [17] introduced a class of 
finite dimensional algebras ^r,n called cyclotomic BMW algebras in order to study 
the link invariants. Such algebras are associative algebras over a commutative ring 
R, which are the cyclotomic quotients of afRne BMW algebras in [17] and [13]. 

Motivated by Ariki, Mathas and Rui's work on cyclotomic Nazarov-Wenzl alge- 
bras [3], we began to study ^r,n in August of 2004. By using the method given 
in section 3 in [3], we constructed all possible irreducible modules for ^r,2 A 
by-product is the definition of u-admissible conditions given in Definition 13.151 for 
certain parameters in the ground ring R. We remark that there are two papers [14] 
and [24] in Arxiv which were posted at the end of 2006. In those papers, there are 
some results for u-admissible conditions. 

In this paper, we will construct a class of rational functions, which are similar to 
those in [3] for cyclotomic Nazarov-Wenzl algebras. Such rational functions can be 
used to construct the seminormal representations for £§r,n under certain conditions 
given in Lemma l4.6l and Assumption 14. iSl By Wedderburn-Artin Theorem on the 
semisimple finite dimensional algebras, we prove that the rank of ^r,n is no less 
than r"(2n— 1)!! if ^r,n is free. In order to prove that ^r,n is free over R with rank 
r"(2n — 1)!!, we have to find a subset S of ^r,n whose cardinality is r"(2n — 1)!! 
such that ^r,7i is generated by S as i?-module. If so, then ^r,n is free over R with 
rank r"{2n — 1)!! as required. 

In order to construct such a subset S, we construct a class of quotient modules 
of ^r,n- Such modules can be used to construct a filtration of two-sided ideals of 
I^r,n- Therefore, we can lift the set of generators for all such quotient modules to 
get a set of generators for i?-module ^r,n- Together with our previous results on the 
seminormal representations for ^r,n, we prove that is a cellular algebra in the 
sense of [16]. In particular, ^r,n is free over R with rank r"(2n — 1)!! as required. 
For some technique reasons, we have to assume that r is odd when we construct 
the quotient modules for ^^r,n- Using the results on the representation theory 
of cellular algebras given in [16], we find the relationship between the irreducible 
modules for Ariki-Koike algebras and ^r,n- This will enable us to classify the 
irreducible ^^.n-modules over a field. 

We organize the paper as follows. In section 2, we recall the definition of ^r,n 
over a commutative ring. In section 3, we give all possible irreducible modules for 
3§r.2- We also give the definition of u-admissible conditions. Under this assumption 
together with two conditions in Lemma 14.61 and Assumption 14.181 we construct the 
seminormal forms for ^r,n in section 4. In section 5, we construct the quotient 
modules for ^r,n for all odd positive integers r. At the end of section 5, we prove 



^ This is the main result of [26]. 
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that such cellular in the sense of [16]. Finally, we classify the irreducible 

i^r,n~uiodules for odd r in section 6. 

When we wrote the paper, we received Dr. Shona Yu's Ph. D thesis entitled 
"The cyclotomic Birman-Murakami-Wenzl Algebras" [23]. In her thesis, Yu has 
proved that ^r,n is cellular algebra for all r by using different method. However, 
we could not understand why she had assumed that loq, one of parameters appeared 
in the definition of J^r,m is invertible when she constructed a subset of ^r,n which 
generates ^r,n as _R-module. 

Acknowledgment: The first author was supported in part by NSFC and 
NCET. He also thanks Professor Ariki and Professor Mathas for their collaboration 
in [3]. 

2. Cyclotomic BMW algebras 

Throughout the paper, we fix two positive integers r, n and a commutative ring 
R with multiplicative identity 1^. 

Definition 2.1. Suppose that i? is a commutative ring which contains 

with 6 ^ q - q-\ Fix O = { Wa | a G Z } C i? such 

that 

Wo = 1 - S^^is - g^^)- 

The cyclotomic BMW algebras 3§r,n is the unital associative i?-algebra generated 
by {Ti, Ei, X^^ I 1 < z < n and 1 < j < n} subject to the following relations: 

a) XiXr^ = ^r^X^ = 1 for 1 < i < n. 

b) (Kauffman skein relation ) 1 = T!f — STi + SgEi, for 1 < i < n. 

c) (braid relations) 

{ii) TiTi+iTi = Ti+iTiTi+i, for 1 < i < n - 1, 
{Hi) TiXj — XjTi if j ^ i,i + 1. 

d) (Idempotent relations) Ef = ojo-Ej, for 1 < i < n. 

e) (Commutation relations) XiXj = XjXi, for 1 < i, j < n. 
/) (Skein relations) 

(t) T,X, - X,+iT, = SX,+i{E, - 1), for 1 < i < n, 
(ti) X,T, - T,X,+i = 5{E, - l)X,+i, for 1 < i < n. 

g) (Unwrapping relations) EiX^Ei = tOaEi, for a e Z. 

h) (Tangle relations) 

(z) EiT, = qE, = T,E„ for 1 < i < n - 1, 
{ii) Ei+iEi = Ei+iTiTi+i = TiTi+iEi,ioY 1 < i < n - 2. 

i) (Untwisting relations) 

(j) Ei+iEiEi+i = Ei+i for 1 < i < n - 2, 
{ii) E,E,+iE, = £'i, for 1 < i < n - 2. 
j) (Anti-symmetry relations) EiXiXi+i = Ei ^ XiXij^iEi, for 1 < i < n. 
k) (Cyclotomic relation) {Xi — ui){Xi — U2) ■ ■ ■ {Xi — Ur) — 

By Definition[2lIi;b)(f)(h), we have X^ = T,^iX,^iT,^i for 2<i<n. Therefore, 
3§r.n can also be generated hy Ei,Ti, Xi for 1 < i < n — 1. We will not need this 
fact. What we will need is Xi = Ti^iXi^iTi^i later on. 

^r,n was introduced by Haering-Oldenburg in order to study the link invariants. 
It was re-defined by Goodman and Hauschild as the quotient algebra of affine BMW 
algebra in [13]. Further, Goodman and Hauschild [13] have proved that affine BMW 
algebras are free over R by showing that they are isomorphic to the affine Kauffman 
tangle algebras. We do not recall such result since we do not need it when we discuss 
the ^r,n later on. 
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The main purpose of this paper is to develop the representation theory of il§r,n 
by using the method in [3] . 

Lemma 2.2. There is a unique R-linear anti- isomorphism * : ^r,n — > ^r,n such 
that T* — Ti, E* ~ Ei and X* = Xj for all positive integers i < n and j < n. 

Proof. By checking the defining relations for S^r.m * is an i?-linear anti- 
automorphism if EiTi^iTi = EiEi^i = Ti-\-iTiEi^i for 1 < i < n — 2. In fact, By 
Definition 0;h)(ii), E,+iE, = E,+iT,T,+i. So, E, = E,E,+iT,T,+i and E,T-^\ = 
E,E,+iT,. By DefinitionO;b) and (h)(i), E,{T,+i -S + 5E,+i) = E,E,+i{T-^ + 
S — SEi). By Definition I2.1f i')fii) again, EiTt^i = EtEi+iT^^ . In other words, 
EiTi+iTi = EiE.i+i. Similarly, we can prove E^Ei+i = Ti+iTiEi+i. □ 

Lemma 2.3. Given positive integers k < n — 1 and a. 

(1) TkX- = X-^,T, + EU SXl^iiEk l)Xr\ 

(2) T^'X- = X^+iT^_'^ + SX^k+l g - 

(3) EkX^Tk = gEkX,," + 5YTi=iEkXl 'EkXf^' ~ SY.'^^i EkX'^ \ 

(4) TfeX,-" = X^f^.n - Eti 5X^:t\Ek l)X^\ 

(5) T^'X^^ = X^^.T^' SX^liiEu l)Xr^\ 

(6) E.X^'^n - qE.X'^ -SEU E,X^^E,Xr' + S^ti EkX^'' ■ 

Proof. (1) can be proved by induction on a. (2) follows from (1) and I2.ir b). Ap- 
plying anti-automorphism * on (1), we get the formula for X^Tk. Multiplying Ek 
on such a formula, we get (3). (4) follows from (1). (5) follows from (4) and l2.1( b). 
(6) follows from (4). □ 

Acting El on both sides of X^ 01=1 (^i ~ = for 6 G Z, and Lemma [2.3( 1) 
for fc = 1, respectively, we have 



(2.4) 



where tTi(u) is the i-th basic symmetric polynomial in wi, U2, • ' ' I'^r 
If we assume that Ei is not a torsion element, then 



El=o(-l)''~'^'-«(u)^s+fc - 0,V 6 G Z, 



(2.5) 

Definition 2.6. The parameters oja & R, a G are called admissible if they satisfy 



In [1], Ariki and Koike introduced Jifr,n{u) :— J^r,n, the cyclotomic Hecke algebra 
of type G(r, l,n) or the Ariki-Koike algebra. By definition, it is the unital associa- 
tive i?-algebra generated by j/i, . . . , ?;„ and gi,g2, . ■ . , g-a-i subject to the following 
relations: 

o) {gi - q){gi + q^^) = 0, if l < i < n - l, 

b) gi9j = 9j9i, if \i~ i\ > 1, 

c) 9i9i+i9i = 9i+i9i9i+i, for 1 < i < n - 1, 

d) 9tyj = yj9i, if j 7^ i,* + 1, 

e) ViVj = VjVi, for I <i,j <n, 

f) Vi+i = 9iyi9i, for 1 < i < n - 1, 

5) (2/1 - ui){yi -U2)... {yi - Ur) = 0. 

In this paper, since we are assuming that ui, . . . ,Ur are invcrtible in i?, yiS are 
invertible in „ . 
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Let (El) be the two-sided ideal of ^r,7i generated by Ei. It is not difficult to 
see that there is an cpimorphism 

(2.7) 7^:J^r;n{-^)^Mr^n/{El) 

determined by: r](gi) ^ Ti + (Ei) and ri{yj) = Xj + (Ei) for positive integers i < n 
and j < n. 

So, any ^,.^„-module, which is annihilated by Ei, is an ^^^„(u)-niodule. We will 
use this fact frequently in the next section. 

3. U-ADMISSIBLE CONDITIONS 

In this section, unless otherwise stated, we always assume that R — 
Q(ui, U2, • • • , Ur, q), where q, ui, U2, ■ ■ ■ ,Ur are algebraically independent over Q. 
Let E R, S = q — q^^ and fl ^ {uja |aGZ}Ci?, such that 

The main purpose of this section is to construct all possible irreducible repre- 
sentations of ^r,2 over R. We find a set of conditions on the parameters g and 
{uja I a G Z}, called u-admissible conditions, such that the dimension of the corre- 
sponding ^r,2 is 3r^. These conditions, which are similar to those for the cyclotomic 
Nazarov-Wenzl algebras in [3], are exactly what we need for general n0 

Proposition 3.1. Suppose that M is an irreducible 3§r,2^'niodule such that EiM = 
0. Then one of the following results holds. 

a) M — Rm is one dimensional and the action of is determined by 

Tim = em, Eim = 0, Xim = uim, and X2m = e^Uim, 

where e € {q, —q~^} and \ < i <r. In particular, up to isomorphism, there 
are exact 2r such representations. 

b) M is two dimensional and the action of S^r,2 is given by 



Uj 




Uj — Ui 


C 


C 




>" 




/ Ui 





y 









I 





q - Uiq ^u- 
quiuj^ -SuiUj^ 



Ti V 
El I 
Xi 
X2 

where 1 < i,j < r with i =/= j . In particular, up to isomorphism there are 
exact (2) such representations. 

Proof. It follows from (|2.7p that any irreducible i^r,2-inodule M has to be an irre- 
ducible J^^2-niodule if EiM = 0. By the results for J^r,2 in [1], M has to be one 
of the modules given in (a) and (b) . By direct computation, both (a) and (b) do 
define the ^r,2-niodules with trivial action of Ei on them. □ 

Proposition 3.2. Suppose ujq ^ 0. There is a unique irreducible 38r,2~'module M 
such that EiM ^ 0. Moreover, dim^ Af < r. If d = dim/jM, then there exists a 
basis {mi, m2, . . . , m^} of M and scalars {vi, . . . , Vd} C {m, . . . , Ur}, with Vi 7^ vj 
whenever i ^ j , such that for I < i < d the following hold: 

a) Ximi = Vimi and X2mi — v^^mi, 

b) Eimi = 7j(toi H h md) 



^The results given in this section are the main results of [26]. Similar results can be found 
in [24]. We remark the method we are using here is almost the same as that used in [3]. 
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— ' ^ -m 



c) Tirrii = — —mi + ^ 



vf — 1 ViVj — 1 



3' 



d 

where = ^ ^ ^ ^- '^^'^ 

(1) J^ = ildiv^) + S-^givf - 1) n V,) n where 7d(z) = 1 /or 2 | d a«d 
— z, otherwise. 

(2) = Q^nf=i where a G {1, —1} if 2 \ d and a G {5^"'^, ^f?}; otherwise. 

(3) c^o^^-v(n„2_i) + i_ M^f^c^^^^^, 

d 

Conversely, ifjj,g~^, uja — '^llj' i £ o,re defined as above, then (a)-(c) 

i=i 

define an irreducible £§r.2-'module with EiM ^ 0. 

Proof. The result can be proved by arguments similar to those for the cyclotomic 
Nazarov-Wenzl algebras in [3]. We include a proof here. 

By direct computation, one can verify that the i?-module N generated by 
{Xf'X^, X'^X^Ti,X'^EiX^\0 < a, /3 < r- 1} is a right 2-module. Since 1 G N, 
N = ^r,2- In particular, ^^,2 is of finite dimension. So is any irreducible 
module. 

Suppose that M is an irreducible ^r,2-inodule such that EiM ^ and d = 
dim^j M. We first show that (a)-(c) hold. 

Since ui, . . . ,Ur are pairwise distinct, we can fix a basis {mi, . . . , m^} of M 
consisting of eigenvectors for Xi. Write Xiuii — ViTUi, for some Vi G {ui, • • • ,Ur}. 
We remark that we will prove that Vi ^ vj whenever i ^ j. 

Since we are assuming that luq ^ 0, we define / = —Ei. Then = /, Eif = 
fEi = ujnf, and f ^ 0. Also, we have fM ^ since EiM ^ 0. 

Fix an element 7^ m G fM. Then Eim — toom and Tim = gm (since 
TiEi = gEi). As X1X2E1 = Ei, XiX2Eim = LUom. Therefore, XiX2m = m. 

We consider the i?-module M' generated by {m, Xim, . . . , XJ^^^m}. Since 
EiX^m = EiX^fm = ^EiX^Eim = ^Eim = Wfcm, M' is stable under the 
action of Ei. By Lemma [2313) for k — 1 and Lemma [2?2l 

TiX'^m = —TiX'^Eim 

UJQ 



— {gX^^ + V S{uJa-^Xp ~ X^-^'))Ei7 
^0 ~: 



= gX^^'m + Siuja-zXi'-m - X^^^'m) 

i=l 

Note that {Xi - vi){Xi - V2) ■ ■ ■ (Xi - Vd) = on M. Each Xf for a G Z can be 
written as a linear combination of Xi with < b < d — 1. Therefore, M' is closed 
under the action of Ti. Note that X2 = TiXiTi. So, M' is closed under the action 
of X2. We have M' = M since M is irreducible. In particular, by dimM = d, 
{m, Xim, • • • , X'^~^m} is a basis of M. Since EiXim — Wfcm, EiM = Rm. 
Write m = ''i^^j? fo'' some r,; G R. Suppose that = for some i. Then 

n (^1 - vj) • m = 0. 

i<j<rf 
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This contradicts the Unear independence of {m, Xim, . . . ^Xf ^m}; hence, Ti ^ 
for « = 1, . . . , d. By rescaling the if necessary, we do assume that 

(3.3) TO — TOl + 7772 + ■ • ■ + md 

in the following. 

By the previous arguments, all of the eigenvalues {ui, . . . ,Vd} of Xi must be 
distinct. It is easy to verify that X1X2 is central in =^^,2, Xi{XiX2)mi = 
{XiX2)Ximi. So X1X2 acts on rrii as a scalar since Mi's are algebraic indepen- 
dent. On the other hand, since XiX2m = to, by (|3.3p . X1X2 acts as 1 on M. 
Therefore, X2mi = X^ rrii = w~ to^, for i = 1, . . . , rf, proving (a). 

Since ui, . . . , are algebraically independent, vf — 1 and ViVj — 1, for i ^ j, are 
invertible in R. So the formula in part (c) makes sense. 

As EiM = Rm, we can define elements 7^ € i? by 



-EiTOi = 7iTO = 7i(toi H hTOd), for i = 1, 

Write TiTOi — X]f=i Cjiirij. By Definition 12. If f) for i = 1, we have 
TiX2m.i - XiTiTOj = 5X2TOi - SEiX2mi. 



So, 



d d 

Comparing the coefficients of nij on both sides of the above equation, we have 



(3.4) 



v,v, - 1 



where (5^, is the Kronecker function. Therefore, 



TO,-. 



rj. ^(7* - 1) , 
lirrii = — 5 —rrii + > -'"-j 

« i<j<d ' J 

This proves (c). 

Since = TiEi, we have, for any positive integer i < d: 

d d 

gji E 'rri] = QEinii = TiEitrii = Ti(7i ^ ™i) 



rrik) 



7=1 J 1=1 i<fc<d J 

Since i?iM 7^ 0, there is at least a non-zero 7^. Therefore, 
Y^ Y- 0(1 j - 1 , Y^ Y^ ^7fc 

Comparing the coefficients of nij on both sides of the equality, we have 

d 

(3.5) J2^[l^^S-'g+^-,j^l,2,--- ,d. 

fc=l J 
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The system of hnear equations (j3.5p on 7^ has a unique solution since det Ad ^ 
where Ad is the coefficient matrix such that the («, j)-th entry of Ad is {viVj — 1)^^. 
In fact, we have 

(3.6) det Ad = n n 

l<k<j<d l<kj<d 

In order to verify (|3.6p . we first observe that IlKfe j<d("fc^i ~ -'^) ' detA^ is a 
symmetric polynomial in vi, . . . ,Vd- So, it is divided by Vk — Vj,k ^ j. Therefore, 
there is a /^(wi, • • • , Vd) G Q[vi, . . . ,Vd] such that 

(3.7) Yl [vkVj -!)■ dot Ad ^ fdivir-- ,Vd) n 

l<k,j<d l<k<j<d 

Comparing the coefficients of vi on both sides of p.7p , we know that the highest 
degree of vi in /d(f 1, i'2, • ' ' j^^d) is zero. Since fd{vi,V2,' ■ ■ ,Vd) is a symmetric 
polynomial in vi,V2, ■■■ , Wd, /d(wi, i'2, • • • , I'd) = c<j S Q. 

In order to determine c^, we set Vd = ^ and get 

detAd\v^=o = - det Ad- 1 

1=1 

Using p.7p to rewrite the above equation, we have Cd = Cd-i. By induction 
assumption, Cd = Cj, 1 < j < rf — 1. An easy computation shows that Ci = 1. Thus 
Cd = 1, proving p.6p . 

We have proved that the system of linear equations given in (|3.5p has a unique 
solution. We define 

j^^^ ^ Idjz) yr Viz - 1 ^ S^^g yr VljviZ - 1) 

(z2 - l)(WjZ - 1) z ~ Vl z{vjZ-l)j-J^ Z-Vl 

where "fdiz) is defined in (1) of Proposition 13.21 By residue theorem for complete 
non-singular curves for /(z), we have 

The above equalities shows that 7fc's given in (1) in Proposition 13.21 satisfv (|3.5p . 
We remark that the left (resp. right) side of the above equality can be interpreted 
as "^k^i ReSz=vkf{z)dz (resp. — ^ ReSz=vf{z)dz and / = {c>o,±l,0}). This 

completes the proof of (b) . 

Now, we prove the formula about Wa, a G Z. Since Eim = loqui and m = 
Ht=i'^ii ^f) = Ylt=ili- Similarly, we have that oja = I]j=i'"j7i- In order to 
compute Wo, we define 

g(z) - ^"^^^^ rr '"'^ ^ + ^^^^ rr ^K^^-g - 1) 

z'^ — l^^Z — Vl Z Z — Vi 

1=1 1=1 

Then lvq = X^iLi 7i = SiLi ReSz=vig{z)dz. By residue theorem for complete non- 
singular curves for g{z), luq — ~ X^tie/ Resz=vfiz)dz and / = {oo, ±1, 0}. By direct 
computation, 

coo = S''gillvf-l) + l-^-^L±ll[vi. 

1=1 1=1 
By solving the equation (luq — 1)S = g^^ — g, we get p as required. 
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We next show that M is uniquely determined, up to isomorphism. Suppose 
that SSr,2 has another irreducible module of dimension dl upon which Ei acts non- 
trivially. Then, by the previous arguments, 

= rv'(n^? - 1) + 1 - ^^^^^ fi^'- 

for some { uii, . . . , Wd' } ^ {ui, . . . , Ur}- Since we are assuming that ui, . . . ,Ur,q 
are algebraically independent, d' = d, g — g' and Wi — ^(i)^, for some a e 6^ and 
l<i<d. By (a)-(c), M ^ M' as required. 

Finally, it remains to verify that (a)-(c) do define a representation of ^r,2(u) 
whenever uja = 'l2i=i '^tli^ fo^' a G 2 and 7^, g as above. In other word, we need 
verify the defining relations for ^^,2- More explicitly, we need verify (a), (b), (d)- 
(h) and (j)-(k) in Definition O 

In fact, it is easy to verify (a),(e),(j),(k). Note that (d) and (g) can be verified 
easily by using the formula uja — Yl'j=i ^j'^j- (^) follows from (|3.4p and (h) follows 
from 

d 

E 1 =S-'g+^-,j = l,2,--- ,d. 

Finally, we verify (b) in Definition 12. II 

We have already proved that Definition 12. If f) holds on M. Thus, the following 
equalities hold in End7?(Af): 

f T^X2 - TiXiTi = ST1X2 - gSEiX2 
\ X2TI - TiXiTi = SX2T1 - gSX2Ei 

Therefore, {T^ - STi + g6Ei)X2 = X2(T^ - 5Ti + g5Ei). Since v^r^ ^ vj'^ whenever 
i ^ j, and X2mi = v~^mi, — STi + gSEi acts on {mi, • • • , m^} diagonally. So, 
for each positive integer i < d, there is a Ci € R such that 



{Ti - 6T1 + g5Ei)vii = CiTrii. 



So, 



Vf -1 ^ ViVi - 1 



l<j<d 



» l<j<d ' ^ j = l 



^ V? -1 ^ ViV, -1 ^' ^ 



l<j<d l<j<£i ■' ^ 



d 



+ Yl — "^^^ mt)-5{^ — ^mi+ Y] — ^^^^rrij) + gS-yiy^rrij 

^ ViVk - 1 vf -1 ^ ViVi —1 ^ 



=Cimi. 



l<j<d ■' j = l 



Comparing the coefficient of rrii on both sides of the above equality, we have 



d 



c-9 77 — (1 + "^^ )7i r 
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Suppose 



d 



ld{z) -r-^VlZ-l 5 -r-r - 1) 



h{z) = ' TT ' ~ + " U TT 

(z^ — l){viZ — 1)2 J--^ z — vi z{viZ — 1)2 J--^ Z ~ Vl 

We use the residue theorem for complete non-singular curves for h{z) and the 
equahties for 7^, I < i < d, in Proposition 13 . 21 to compute We discuss the case 
2 \ d and leave the other to the reader. 
By direct computation, we have 

' 4(t;,-l)-2, if„ = i^ 
Resz=vh{z) ^ { -\{vi + iy^, ifw = -l, 
-~^Q, ifw = 0, 



and 



Using (l)-(2) of Proposition 13.21 to rewrite the above equalities yields 

{2 
Res^^^-ih{z) ^ -^^^ - 
ReSz=vkh{z) = (]^„J^'"„^-)2 ■ 
By the residue theorem for complete non-singular curves for h{z), we have 

d 

Resz(zjh{z) + ^ Resz=vkh{z) = 

k=l 

where / — {±1, 0, v^^}. Rewriting the above equality yields 

,-1, vf + l vf S-Hvf-ir ^ Ik 



{vj-ir 7.(1 -ff)2^ ' ^^{l-v,v,y 



So, 



d 



- Vf + 1 -2 V'f -2 -n 7fc 



1)2 (l-«,n2 ''^^(l-x;,^;.)^ 



This shows that Definition 12. If b) holds on M. □ 

Theorem 3.8. Suppose R = Q(wi, U2, • • ■ , Ur, q) where ui, . . . , it^, q are alge- 
braically independent over Q. If g and LJa,a G Z, are given as in Propo- 
sition \3.Si for d — r, then S§r,2 is semisimple over R. Moreover, S = 
{XfX^,XfX^ri,Xf£;iXf |0 <a,(3<r-l}isan R-hasis of SS^.i- 

Proof. By direct computation, one can verify that the _R-submodule M of SSr,2 
generated by S" is a right .^r._2-inodule. Since 1 e S", M = ■^^,2- In particular, 
dim^r,2 < 3r2. 

Under the assumption, we have, by Proposition 13.21 that there is a unique ir- 
reducible ^r,2-niodule M with E\M ^ 0. By Wedderburn-Artin Theorem for 
semisimple finite dimensional algebras together with Proposition 13.11 we have 

3r2 2r + 4 ^*-^ ~ + dim.S§ra/ Ro.d.S§r,2 < dim.S§r,2 < Sr^, 

where Rad^r,2 is the Jacobson radical of 3§r,2- Thus all inequalities given above 
are equalities. In particular, £§r,2 is semisimple and S is an i?-basis. □ 
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Definition 3.9. Suppose x = {xi,X2, ■ ■ ■ ,Xr) are variables. For any non-negative 
integer a, Define Qq(x), Qa(x) such that 



(3.10) 



rii^l Xiy-\ ~ Sa=0 '5a(x)2/'^, 
ni=l y^xi ~ ^a=oQ'ai^)y'^ ■ 



We set (5a(x) — Qa(x) = if a < 0. For each non- negative integer a, it is not 
difficult to verify that (5a(x) (resp. Q'^ijx.)) is a symmetric polynomial in variables 
xi, X2, • • • ,Xr (resp. , . . . ,x^^). Further, 

Qai-^) ~ Qa{Xi , ■ ■ ■ , Xj. ). 

Lemma 3.11. Suppose R is an integral domain which contains the identity In, 
and the units ui, 1*2, • ■ ■ , Ur, q, (q — q^^) such that UiU^^ 7^ 1. Let F he the quotient 
field of R. For a G Z, define 



UJ. 



a = Y.^ia{u.) + 6-'g{ui - 1) n n 



where g is defined in (2) of Proposition \3.2\ for d = r. Suppose that a > 0. Then 

(3.12) LUa 



A- f: ^±^Qa-k{n)-S-^gSao, ^/2 | r, 

fe=0 



and for a > 0, 



(3.13) to- 

where 



A =l±i^ + S-^gQa{u)llti^' 



B =i±i^-rieQ:,(u)nLi 



Ui 



In particular, LUa (z R for all a (zli. 

Proof. The result for a = follows from Proposition 13.21 Suppose a is a positive 
integer. We define 

ld{z)z°- -J^ UlZ -1 , ui{uiz ~1) 



Ul -^-^ Z — Ul 

1=1 ' ;=i ' 

Then bJa — '^l^i Resz=uifiz)dz. By residue theorem for complete non-singular 
curves for f{z), 

(3.14) Wa = - ^ Resz^yf{z)dz. 

v£{oo,±l} 

When r is odd, Resz=if{z)dz — — ^ and Resz=-if{z)dz — — ^ ^-^ . On the 
other hand, -—z^'^f{z^^) = z^°-(pi{z) + z^°-^^Lp2{z), where 

r ^,(.) = (z2_i)-in[^^^ 
\ ^,(.) = -j-vnLi^^- 
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Also, we have {ip2{z)Y'^'>\z=a = -a!<5 VllLi^'Qal") 

taw)<"'i„.^i:(°-')(^)">(nif^ 



a - 1\ , 1 . n.\ / -f-r z - ui \(^-'^-'^) , 

z=0 

, - , - - Uli 
k=o ^ ' 1=1 

- E - 1 - fc)!Qa-i-.(u) 

= -(a-l)!^ ^ g.-i-.(u). 

fe=0 

Note that ReSz=oaf{z)dz — ReSz=ofi{z)dz + ReSz=of2(z)dz where fi{z) = 
z~"-ipi{z) and f2{z) ^ z^°-^'^ip2{z). So, 

a-l -j^ _|_ / -j^Nfe »■ 

ReSz=oof{z)dz = ^ Qa-1-A;(u) - (5~ ^ "/Qa (u) , 

A;=0 1=1 

and (|3.12p follows immediately from (|3.14p . 

When r is even, 7d(z) = — z. When we compute ReSz=oof{z)dz, we need com- 
pute ((^i(z))(")|^=o- Therefore, we need use a instead of a — 1 in (|3.12p for odd r. 
This implies the result for (|3.12p in the case 2 | r. 

One can verify p.l3p by similar arguments as above. Since Qa(u) (resp. Q'^{u)) 
are polynomials in variables ui,U2, . . . ,Ur (resp. ,...,u~^), uoa ^ R for all 
a G Z. □ 



Definition 3.15. Suppose i? is a commutative ring which contains identity 1^, 
and the units q, ((/ — 9^^), Ui^l < i < r. Let 51 = {uja \ a € Z} C R. Then 
il U {g} is called u-admissible if uJa satisfy (|3.12p . p.l3p for o G Z and g is given in 
Proposition l3.2l for d — r. 

By Theorem 13. 8[ .'3Sr,2 is a free over R with dimension 3r^ if i? = 
Q(iti, U2, • ■ • ,Ur,q), and Q U {g} is u-admissible. We will show that ^r,n is free 
over a commutative ring with rank r"(2n — 1)!! if U {g} is u-admissible and 2 f r. 

Motivated by Nazarov's work on Brauer algebras in [19], we define two generating 
functions 

wi,+ {y) 
^i-{y) 

Lemma 3.16. Suppose y is an indeterminant. Then QU{g} is u-admissible if and 
only if g is given in Provosition \3 .2\ for d = r and 

'wiAv) - ^ - 5~'q+ {5''eu ni + ^) nLi nLi 

t=i 

Proof When r is odd, we have J2T=o ^^^^2^2/"° = By (ISTOl) . 

r oo r r — 1 



Eoo _, 

OO 

a=l 
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and 



E E ^^y^Q-i-fc(u)y-'^ = + + . . . ) ^ Qa{u)y-^ 

a=0 k=0 a=0 



'1 



^ 1=1 1=1 " 

Taking the sum of the above equahties yields the formula for wi^j^i(y) in the case 
r is odd. Similarly, one can verify the formulae in other cases. □ 

Corollary 3.17. U {p} is u-admissible if and only if 
a) g is defined by Proposition 1 3. 2\ for d — r, 
h) uJa for 0<a<r — 1 is determined by wi^+{y), 
c) il is admissible. 

Proof. "=4." Let c ~ S^^ gui ■ • • u,.. By Lemma 13.161 we have 

y - 1 2/ - 1 i-y (i-y ) 

For any positive integers r and all in Proposition 13.21 for d = r, we have 

f Vidjy) uVJdWr^ . ^ v"^ .-2 

4_y2 ^^^(l_y2) (l_y2)2 



So, 

2 1 ^ 

(3.18) {wiAv) - + S-'g)iwi^^iy) - ^— - S'^g) = ^ - r 



Multiplying (1 — y^)^ on both sides of ^ yields an equality given by Laurent 
polynomials in indeterminate y. Comparing the coefficients of y',z < 4 on both 
sides of such equality yields the second equality in ()2.5p . If uJa — X]j=i ^jlj where 
7j's are given in Proposition 13.21 for d = r, then 

r r r 

^(-l)'-V._a(uK+, = ^(-l)'^-V._a(u)^zi^"+S 

r r 

= E(E(-i)''"'^'— (")".")"^^- 

j = l a=0 

= 0. 

So, f2 is admissible. 

"-<=" Conversely, if f2 is admissible, then oja for all a ^ Z are determined by 
Wo, t^ij • ■ • , ^r-i7 uniquely. This implies the result. □ 

4. The seminormal representations of ,^r.n(u) 

In this section, unless otherwise stated, we always keep the following assump- 
tions: 

Assumption 4.1. (1) R is a field which contains non zero elements q, and Mi, 1 < 
i <r with o{q^) > 2n. (2) The parameters {ui, U2, . . . , Ur) are generic in the sense 
of Definition \4.5\ (3) The root conditions \4.1S\ hold. (4) QU{g} is u-admissible. 

The main purpose of this section is to construct the seminormal representations 
for ^r,n over R. We remark that the method we are using is the same as that 
for cyclotomic Nazarov-Wenzl algebras in [3] . We start by recalling some combina- 
torics. 
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A partition of m is a sequence of non-negative integers A = (Ai,A2,...) such 
that A, > Ai+i for all positive integers i and |A| := Ai + A2 + • • • = m. Similarly, 
an r-partition of m is an ordered r-tuple A = {X^^\ . . . , A'^''^) of partitions A^**) such 
that |A| := [A^^^j + • • • + jA^*")! = m. Let A+(m) be the set of all r-partitions of m. 

If A and /x are two r-partitions we say that fj, is obtained from A by adding a box 
if there exists a pair {i, s) such that /U-*^ = A-*^ + 1 and /xj*^ = A^*^ for {j, t) ^ {i, s). 
In this situation wc will also say that A is obtained from /i by removing a box 
and we write A C /U and — (s,i, A^*"* + 1). We will also say that the triple 

(s,i,A^'''' + 1) is an addable (resp. removable) node of A (resp. /x) which is in the 
i-th row, A^**^ + 1-column of s-th component of A (resp. /i). 

Fix an integer m. with < < Lf J- Let A e A+(r7, — 2m). It has been defined 
in [3] that an n-updown A-tableau, or more simply an updown A tableau, is a 
sequence t = (to, ii, t2, . . . , t„) of r-partitions where t„ = A and the r-partition tj is 
obtained from ti-i by cither adding or removing a box, for i = 1, . . . , n. When i = 0, 
we always assume that = 0. Let £^^'^{X) be the set of n-updown A-tableaux. 

There is an equivalence relation ~ on ^^'^(X), which has been defined in [3]. 

.1 k 

Suppose s, t e =3^" (A). Then t ~ s if tj = Sj whenever 1 < j < n and j ^ k, for 
s, t e ^"''(A). The following result has been proved in [3]. 

Lemma 4.2. Suppose s G <y^"''(A) with Sk-i = Sk+i- Then there is a bijection 
between the set of all addable and removable nodes ofSk-i and the set oft€ ^^'^{X) 

k 

with t ~ s. 

Suppose that t e ^^"^{X) where A € A+(n - 2/) and < / < [f J. For each 
positive integer k < n, either tfc C ik-i or tk-i C ik- We define 



(4.3) ct(fc) 



Usq'^^^ '\ if tfe\tfe_i = {i,j,s), 
u-^q-^^i-'\ iftfe_i\tfc = (i,i,s). 

We call Ci{k) the content of k in t. Let a = s). We also define 



^^^^ ^ -j |i*s9^^'' if is an addable node of A, 

]uj^q~'^^^~'^\ if a is a removable node of A. 

We write c{a) instead of cx{a) if there is no confusion. 

The following condition, which is a counterpart of the generic condition for cy- 
clotomic Nazarov-Wenzl algebras in [3] , guarantees the existence of the seminormal 
representations for ^r,n- 

Definition 4.5. The parameters u = (ui, . . . , Ur) are generic for ^r,n if whenever 
there exists € Z such that either Uiuf^ = q^'^lR and i ^ j, or Ui = iq*^ ■ Ir then 

\d\ > 2n. 

Lemma 4.6. Suppose that the parameters u are generic for £§r,n md that o{q^) > 
2n. Let s, t G ^^'^{X) where X G A+(n - 2/) andO< f < [f J . Then 

a) 5 = i if and only if c^{k) = Ci{k), for all positive integers k <n. 

b) Ccj{k) ^ Ccj{k + 1) , for all positive integers k < n. 

c) if Sk-i — Sfc+i then Cs{k) ^ Ci{k)^^ , whenever t ~ s and t / s, 

d) ct(fc) ^ ±5=*=^ for all positive integers k <n. 

Proof, (a)-(c) can be proved by the arguments similar to those in [3]. The key point 
is that the assumptions imply that the contents of the addable and removable nodes 
in A are distinct so an up-down A-tableau 5 is uniquely determined by the sequence 
of contents Cs(fc), for fc = 1, . . . , n. (d) can be verified by direct computation. □ 
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Unless otherwise stated, we fix a A G A+(n — 2/). Motivated by Ariki, Mathas 
and Rui's work on cyclotomic Nazarov-Wenzl algebras in [3], we introduce the 
following rational functions in an indeterminate y. Such functions will play a key 
role in the construction of scniinormal representations of SSr,n- 

Definition 4.7. Suppose that s £ 3^"''(A). For 1 < fc < n, define rational functions 
Wkijj.B) by 

" i=l ^ i=l a " ^ ' 

where a runs over the addable and removable nodes of the r-partition Sk-i- 
Lemma 4.8. Suppose A is an r-partition. Then 



(4.9) nc(")=n 



Ui 

a i—1 

where a runs over all addable nodes and removable nodes of A. 

Proof. It is known that the number of addable nodes of a partition, say fi, is equal 
to the number of the removable nodes of jj, plus 1. We arrange the removable 
nodes (resp. addable nodes) of fi from top to bottom. Therefore, we assume that 
(p, Ti, Si), I < i < k (resp. (p, a^, hi), I < i < k + 1) are all removable (resp. addable) 
nodes of A'^p\ the p-th component of A. We have ai — 1, bk+i — 1, Oi — r^-i + 1 
and Sj 6j - 1 for 2 < i < A: + 1 and 1 < j < A:. By ([13), 

l[c{a) = ^pg2(Et^^(b.-a.)+Eti(n-..)) ^ 

a 

Multiplying the previous equality for all positive integers p < r yields (|4.9p . □ 

Lemma 4.10. Suppose that u is generic and o{q^) > 2n. Let s G 5^"''(A) and 
I < k < n. Then 



Wk{y,s) Res ^''^^'^^ 



y ^ V y=c{a) y J y- c(a) ' 

where a runs over the addable and removable nodes of 5k-i. 

Proof. Since u is generic and o{q'^) > 2n, c{a) are pairwise distinct for different 
addable and removable nodes a of A. Further, we have c{a) ^ {0,±1}. Therefore, 
we can write 

Wkiy.s) b c d / „ Wk{y,5)\ 1 

' =a+- + T + f+zZ( ^'^^ 



y yy-'^v + '^^^ v=<<^) y ^ y- c{a) ' 

for some a, b,c,d G R, where a runs over the addable and removable nodes of 
Sk-i- In order to prove the result, we need verify a~b — c = d = 0. 
In fact, a = liuiy^^^^^^^ = 0. We have b = Res^^o ^"''y''^ = -<5"V + 

i5~^gni=i ria c(a)^^ = —S^^g + S^^g = 0. One can verify c = d = simi- 
larly. □ 

The following definition is the same as those for cyclotomic Nazarov-Wenzl al- 
gebras if we use our rational functions Wk{y,s) instead of those for cyclotomic 
Nazarov-Wenzl algebras in [3]. 
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Definition 4.11. Let A € A+(n — 2/) for some non-negative integer / < [^^J. 
Assume that fc is a positive integer with k <n. If 5, t G ^"''(A) with Sk-i = Sk+i, 
then we define the scalars Esi{k) £ i? by 



Res , II s = t, 

y=cAk) y 



ifs^tandt-s, 



y_0, otherwise. 



We remark that we have to fix the choice of square roots \J E^^ (fc), for s e ^"''(A) 
and 1 < fc < n, which we will illustrate late. 

In [3], there is no definition for Es^{k) under the assumption 5k~i 7^ Sfc+i- In 
the current paper, we do not need such a definition either. 

If r is odd, then p^^ G {ui ■ ■ ■ u^, —ui ■ ■ ■ Ur}. It follows from Definition 14.71 that 

-,\-r-r c,(k)-c{a)-^ if n-1 — 7/, . . .7/ 



^) lla cJk)-c(a) ' 11 - "1 «r, 



(4.12) i;„(fc) = <^ ^ " 

^ ' > I 1 f Cs{k)-Cs(k) n Ca(fc)-c(a) 

lec,(fc)V 5 -Ijlla Cs(fc)-c(a) ' 

where a runs over all addable and removable nodes oi Sk^i with a ^ 5k \ Sfe-i- 
If r is even, then G {(7~1ui • • • Ur, ~qui ■ ■ ■ Ur}- So, 

'±(-1 2!_^m '^^ \f n-^ - n-^ W II 



(4.13) £;,,(fc) 



q8\ Cs{k)^'/^^ct Cs(k)—c{a) ' 

where a runs over all addable and removable nodes of with a ^ Sk\5k-i- 
It follows from Lemma 11^ and (|i?T^ - (|i?T^ that 

(4.14) E,tik)^0, ifs^t. 

Rewriting Lemma [4.101 vields the following equality: 

Wk{y,B) _^ Ea{k) 



V ^y-Ci(k)' 

Given two partitions s and t write s 1 = a if either t C s and s\t=a, orsCt 
and t \ s = a. 

Let &n be the symmetric group in n letters. As an Coxeter group, 6„ is gener- 
ated by Si :— -f 1) subject to the relations 

'sf = 1, ifl<z<n-l, 

SjSj = SjSi if |i - j| > 1 

^s^SjSi = SjSiSj, if \i - j\ = 1. 

Let s G cy^"'^(A) withs/c-i 7^ Sfe+i, for some fc, 1 < fc < n. Suppose that SkQSk-i 
and Sk+i QSk are in different rows and in different columns. It is defined in [3] that 

SfeS = (si, • ■ • ,Sfc_i, tfe,Sfc+i, ■ • ■ ,s„) G =f5^"''(A) 

where tk is the r-partition which is uniquely determined by the conditions tk 
Sk+i = Sk-i Sfc and Sk-i Q tk = Sk s^+i. If the nodes Sk Sk-i and s^+i Sk 
are either in the same row, or in the same column, then SkS is not defined. 

Definition 4.16. Let s G 5^"''(A) with Sk-i 7^ Sfc+i, for some fc, 1 < fc < n. We 
define 

Scgik -|- 1) 

as(fc) = ^ (fc ^ j^-) _ g (-y^-) ^1^^ = v^l - as(fc)2 -I- 5as{k). 
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We will fix the choice of square root for b^{k) in (|4.18p . Since u is generic, by 
Lemma ITBT b). c^{k + 1) — Cc^{k) ^ 0. So, the formula for as{k) makes sense. 

As in [3], we do not define as{k) and bs{k) when Sk-i — 5k+i- The following 
result can be verified easily. 

Lemma 4.17. Suppose that s G J^"''(A) and 1 < k < n. Then: 

a) IfskS is defined thencnik) = Csj.s(fc+1) and Cs{k+l) = Cs^s{k); consequently, 
as^s{k) = S - a^ik). 

b) If SkS is not defined then a^ik) G {q, —q^^} and bs{k) = 0. 

Finally, if Sk-i — Sk+i and t ^ s, where 1 < fc < n, we set 



Cs(fc)ct(fc) - 1 

Note that Cs{k)ci{k) 1 by Lemma HUl 

We will assume that we have chosen the square roots in the definitions of bs{k) 
and Esi{k) so that the following equalities hold. 

Assumption 4.18 (Root conditions). We assume that the ring R is large enough 
so that y/E^Jk) e R and b^{k) = ^\ - a^{kY + 5a^{k) £ R, for all s, t £ =^„"''(A) 
and 1 < k < n, and that the following equalities hold: 

a) If Sk-i ^ Sfc+i and SkS is defined then bs^^ik) — b^{k). 

b) If 5k-i 7^ Sk+i and s i, where \k — l\> 1, then bc,{k) = bi{k). 

c) // Sfc_i 7^ Bfe+i, Sk ^ Sfc+2 o.nd SkS and s^+iS are both defined then 
bs^+,s{k) =bs^,{k + l). 

d) IfSk-i = Sfe+i and 5k = 5k+2 then ^/E^Jk) ^/E^JV+T) = 1. 



e) IfSk-i = 5fc+i, tk-i = tfc+i and Es^{k) = En{k) then y/E^Jk) = y/Eu{k). 

f) If Sk-1 = Sfe+1, Sk — 5k+2 CLnd t ^ s, u S with Skt and Sk+iU both defined 
and Skt — Sfc+iU then bi{k)y/ E{{(k + 1) = b^ik + l)-\/ii'uu(fc)- 

The following is the main result of this section. 

Theorem 4.19. Let J^r,n be over a field R such that the Assumption 4^.1 holds. 
Let A(A) be the R-vector space with basis {v^ | s G ^"''(A) }. Then A(A) becomes 
a SSr n -module via 



TkV, 



^Tsi{k)vi, i/Sfc_i=5fc+i, 

_^ac,{k)v^+bc,{k)vs^i,, ifSk-i^Sk+i, 

{'^Ec,i{k)vi, ifSk-i^Sk+i 
0, if Sk-i 7^ Sk+i, 

• XiVs = €5(^)^5, 

for 1 < k < n and 1 < i < n. When s^s is not defined, we set u^^s — 0. 

Definition 4.20. We call A(A) the seminormal representation of 3§r,n{^) with 
respect to A for A e K+{n - 2/), and < / < [f J . 

In the remainder of this section, we will prove Theorem 14.191 The rational 
functions Wk{y,s) play the key role. As in [3], we will work with formal (infinite) 
linear combinations of elements of A(A) and S§r,n- Let Z{A) be the center of an 
algebra A. 
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Lemma 4.21. Suppose that R is a commutative ring which contains 1 and invert- 
ible elements q,S,ui, . . . ,Ur such that flU {g} is \i- admissible. Given two integers 
k >1 and a > 0. Then there is a oj^"'' G Z{^r,k-i) H R[X^^ , . . . , ^^.^i] such that 



Moreover, the generating series Wk{y) — J2T=o'^k V ° satisfi 



Wk{y) + S-^g-^^ {y-X^y y-q-^Xk y-q^Xu' 

Proof. We prove the result by induction on k. When k ~ 1, the result follows from 
Definition I2.ir g). In this case, Wi{y) = Suppose that we have already 

proved the result for all positive integers which are less than fc + 1. In order to 
prove the result for fc + 1, we start with the identity 

(4.23) = — + ^ - ^ ^^"^^ 



'y-Xk y-Xk+i yXk-1 y - Xk {y - Xk){y - Xk+i)' 

We multiply (y — Xkj^i){yXk ~ 1) (resp. (y — Xfe)) on the left (resp. right) of 
Then we use Definition 0;f),(j) to get the identity. Multiplying fi!^ on 
the left by and replacing y by y~^ yields 

(4.24) E,^T,=E,{-4^-, ' 



' y ~ Xk yXk - 1 {y - Xk){yXk - 1) y yXk 



Multiplying on the right of and using we have 



Tk —Tk = h dTk- 



y-Xk y-Xk+i y-Xk {y - Xk){y - Xk+i) 

5' 1 eSXk 5^x1^, 



Note that 



yXk~l y~Xk yXk-l [y ~ Xk)Hy - Xk+i) 

6' „ 1 6 ^ Xk 
:^k ^7 ^^fc- 



Xk{y - Xk){yXk - I) y-Xk y - Xk y - Xk 
5''Xk+i , 1 ^5 Xk 



Ek -77- H ^7 rEk- 



{y-XkY Xk{y-Xk) y-Xk yXk-l yXk - I 
5' 1 , S^Wkjy) ^ 1 

--t^k-, TT H — TT^fc" 



yXk-l ^iy-Xk){yXk-l) yiyXk - 1) yXk-l 



^k+l '^^^fc+1 S'^Xk+l 



{y - Xk){y ~ Xk+i) {y - XkYiy - Xk+i) [y - Xkf 

S^Xk 5^Xk y 

'{y-XkY {y-Xk^y-Xk+i 



18 



HEBING RUI AND JIE XU 



By our induction assumption, 



Ek+iTk- —TkEk+i — {— — — y \2 )Ek+i 



y 



y-Xk 



+ ( 



'y iy-Xkf 



y - Xk+i ' 



-E, 



k+l 



y-Xk {y-XuY [yXk - l){y - Xk) 
g6Xk 



yXk-l Xk{y-Xkf Xk{y-XkY{yXk-l) 

g-^SXk gSXk 5^ 

{y-Xky {yXk-iy (yXk-iny-Xk) 

S^Wkiy) 



yiyXk - !)■ 



:)E. 



fc+i 



On the other hand, 



Ek+iTk- 



1 



-TkEk+i — Ek+iEkT, 



1 



fe+i 



y~Xk 



-TkE, 



k^k+l 



y~Xk 

—Ek+^Ek —EkEk+i — SEk+iEk —TkEk+i + Sg ^Ek+i 



y~Xk 



y-Xk 



y-Xk 



We use (|4.24p to compute the second term in the right hand side of the above 
equahty. Thus, 



P ^ 1 ^ p fWkiy) , g-'5 gSXk 

J^k+l-Lk T^J-k-CJk+l 



y-Xk y y-Xk yXk - 1 

S^Wkiy) 



)E. 



(yXk - l)iy - Xk) y{yXk-l) 
Comparing the first and third expressions of Ek+iTk y^Xk ^^Ek+i yields 



1 S^Xk y ^ ^. g-H , 5^uj^Xk 



k+l 



y {y-XkY' "^y-Xk+i 'y-Xk {y - Xkf 

5^ g5Xk 8^ 

" {yXk - l){y - Xk) ' yXk-\^ Xk{y- XkY 

g-HXk , gSXk 



+ 



Xk{y-Xk)^{yXk-l) [y-Xk)^ [yXk-l)^ 
, S^Wkjy) 

{yXk-l)^{y-Xk)^ y{yXk-l)^' ^ 

( Wk{y) g-'S _ gSXk S^Wkjy) 

^ y y-Xk yXk-l {yXk - l){y - Xk) y{yXk-l)' 



THE REPRESENTATIONS OF CYCLOTOMIC BMW ALGEBRAS 



19 



So, 



1 S^X, y 

y [y - y - Xk+i 



y-Xk [y- XkY 

5^ , gSXk 5^ 



{yXk - l){y - Xk) yXk - 1 Xkiy - Xk)^ 
6^ , Q-^SXk gSXk 



Xk{y - Xk)HyXk - I) {y^XkY {yXk-lf 

5^ 5^Wk{y) 

{yXk^lY{y-Xk) y{yXk~lY 

Wk{y) g-'S _ gSXk S^Wkjy) 

y y-Xk yXk-l [yXk - l){y ^ Xk) y{yXu - 1)' 



'y {yXu-iy — — - ^\y-XkY {yXk-iy 

5^Xkv'{l-Xl) 
^ [yXk-my-XkY 
Multiplying {yXk — 1)^(2/ ^ XkY on both sides of above equation yields 

{yXu - - 5'Xk)Eu+, 

y y- Xk+i 

={y - Xfe)'(^^^^— ^ - S^Xk)Wk{y)Ek+i + g6Xk{{yXk - i f 



y 

{y ~ Xkf)Ek+i + S^Xky^il - Xl)Ek+i. 



So, 



{y - X^^fiiy - Xkf - 5^Xuy)Ek+i ^-^Eu+i 

y - Xk+i 

= (y - Xkfiiy ~ X-^f - 5^X-^y)Wk{y)Ek+i + S^X'^y^l - Xl)Ek+i 
+ g5y{Xk{y - X'^f - X-\y - Xkf)Ek+i. 
Therefore, 

{y - X^^f{y - q-^Xk){y - q'Xk)Ek+i l^E^+i 

y - -^fe+i 

= (2/ - Xuf{y - q-^X-^)[y - X^^)Wk{y)EK+i 

9 

{y-Xuf{y-q-^X-^){y-q^X-^)) 



Thus, 



y ' — ' 

Ek+i — Ek+i = Wk+i{y)E]~+i, 

y - Xk+i 



where Wk+i[y) satisfies the recursive relation ()4.22l) . 

Note that XkTj = TjX^ and X^Ej = EjXk for all positive integers j < k — 
2. By induction assumption and ()4.22p . ujI°^^ commutates with Ei, . . . ,Ek-2 and 
Ti, . . . , Tfe_2- In order to verify 

(4.25) J^^.Y = yJ^_1^, for Y e {n^i,Ek-i}, 
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we use the following series 

{l + Xk-iz){l + Xkz) 

m>0 

where z G {—y~^, —q^^y}, 



a z — 



flo — 1, oi — Xk-i + Xk — Xf^}-^ — Xf^ ^, 

02 = XkXk-i - x^'^x^\ - (x^^ + + Xk-i - x^^ - 

a,n = -{Xf^\ + Xf^^)a,n-i - X^\X^^^a,n-2, for m > 3. 

By induction, we have Ek-iaj = QjEk-i — for all non-negative integers j. 

We verify Tk-iam = amTk-i for all m > by induction on to. There is nothing 
to be proved when m = since oq = 1. By Definition 12. iT f). 

{Tk-i{Xk-i + Xk) = {Xk-i + Xk)Tk-i + S{XkEk-i — Ek-iXk) 

So, Tfe-iOi = aiTfe_i. When to > 2, since Tfe-i commute with X^X^^i and 
X^ ^/T-i' have, by induction assumption that 

Tk-io-m ~ 0-mTk-i =(-^^^^^1 + Xf. "'")am-iTfc-i — Tk-i{Xf.^^ + Xf. "'")a„i_i 
= (-^^^^^1 + Xf. "'")a„i_iTfc_i — [Xj^^^ + Xj. ^)Tk-iam-i 

Using (|4.22p twice, we have 

Wk+,{y) + 5-'Q-^, _ iy-X,r y-q^'X-' y-l'X-' 
(4 26) W.-i(y) + 5-V-^ (y-^fc"')' y-g-^^fc y^q'Xu 

(y-Xk-if y ^ q-'X-\ y - 

y~q^Xk-i' 

Thus, Tk-1, Ek-1 commute with the right hand side of (|4.26p . By induction as- 
sumption, Tk-i, Ek-i commutes with Wk-i(]j), it has to commute with Wk+i{y)- 
Thus, t^^^^i commutes with Tfc_i and Ek-i- 

Now, we prove G R[X^\ ■ ■ ■ , X^},]. Let gk{Xk) = (y - X^')\y - 

q-^Xk){y-q^Xk). By 622), 

Wk+iiy)gk{Xk) = VKfe(y)5fc(X,7^) + (X^ - X^')5%({5-'p - l)y^ - S-'p). 

Comparing the coefRcients of y^ for j < 4 on both sides of the last equation, we 
have the following results: 



By induction assumption, — wq- 

k 



;^l,=4'^+6p-HX,-Xf:') 



a) J = 4: 

b) J = 3: 

c) J = 2: 

4^^, = - Loi'\2X, + {q' + q-')X^') + u;l}l,i2X^' + {q' + q~')X,). 

d) J = 1: 

cf^, - + iJ^l - .^y){Xl + X-^ + 2{q^ + q--)) 

= {j;^l - )(2X-^ + [q' + - 5p{Xu X-') 

+ {J^l - )(2X, + [q^ + q-')X-'). 
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e) J < 0: 

By induction assumptions on k and a together with the formulae in (a)-(e), we 
have that e R[X^^, • ■ • , X^\]. □ 

Corollary 4.27. Suppose that R is a commutative ring which contains 1 and in- 
vertihle elements q,S,ui, . . . ,Ur such that Q U {g} is \i- admissible. Given a positive 
integer k < n ~ 1. If a CzIj, then 

a) EkX^T^\Ek = J2i=-a fiXl^iEk; 

h) EkX^T^^^Ek =Y.'t=-a9iXU2Ek, 

where f^,g^ e Z{^r,k-i) n Rlxf^, X^\] for -a < i < a. 

Proof. Both (a) an (b) follow from Lemma [2.3f I)f2')f4')f5) and Lemma [4.211 and 
Definition O □ 

By Lemma [4.211 we have 

Wk{y)+S-^g-^, jy-X,)^ y-q-'Xr^ y - g^X-' 

W,{y) + <5- V - ^ f}, iy Xr^r V I'^X, y - q^X, ' 

Since w^"^ £ \ • • • ,^^_\], we can define Wk{y,B) £ R{{y-^)) by 

Wk{y)v^ = Wk{y,5)v<,. 

Proposition 4.29. Given an s G and a positive integer k < n, we have 

Wkiy,s) = Wk{y,s). 

Proof. As flu {g} is u- admissible, by Lemma [3.161 and (|4.28p . we have 
Wk{y,s) + 5-'g- 



y'-i 

k-l 



=A ■ TT ~ ^-^ X IT . 2/-g ^c,{i) ^ ^ y-q^cS) ^ 

fJl (y-Ui) fj^ {y - Cs{i)-^)^ y-q-^c^{i) y - q^cS) 

where 

A^{g5-'f[u,+ y:^^)\{u,. 
1=1 y e=i 
By arguments similar to those for [3, 4.17] we can verify that 

Wkiy,.) + S-^g-^^Al[y-<^, 

where a runs over the addable and removable nodes of Sk-i- This proves Wk{y, s) = 
Wkiy,s). □ 

One can verify the following result by similar arguments to those for [3, 4.18]. 

Corollary 4.30. Suppose that s G ^n'^W and that 1 < k < n and a > 0. Then 
EkX^EkV,=J^^EkV,. 

Lemma 4.31. Suppose that s £ with Sk-i — Sk+i and Sk — Sk+2- Then 

E,,{k)E,,{k + I) = 1. 
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Proof. By KT^ and Proposition 



2 2 

Wk+iiy,s)+d-'g - - iWk{y,s) + g - 

{y - cM-^Y {y-q~^c,{k)) {v - <l^c,{k)) ' 
where Wkiy^s) is given by Definition 14.71 Note that Cs{k)cii{k + 1) = 1 and 



p /I. , n R Wk+i{y,5) Wk+i{y,5) 
J^sayK + tj — -KeSy^cs(fe+i) ^ — ^esy^c,(k)-^ 

There are four cases we need to discuss: 
Case 1. 2 \ r and g^^ — uiU2 • ■ ■ w,.: 



^55 



^c,W c,(fc)-i-g-2c,(fc) c.(fc)-i-g2c,(fc) 

gScs{k)^ Yj Cc,{k) — Ci{k) 1 



c,(fc)2+fc,(fc)-l c,(fc)-ct(fc)-i ^..(A:) 



Case 2. 2 I r and ^ — IIILi 



l-c,(fc)VV ^ J ^11 c,(fc)-i-ct(fc) 
/ /LN-i _ x\ C5(fc)~^ - g~^Cs(fc)-^ c^jk)-^ - q^c^jk)-^ 

£lJc5(fc)2 -p-r C5(fc)-Ct(fc) 1 



Case 3. 2 I r and g ^ = q ^ Ill^i 



Case 4. 2 I r and ^ ^ = — (/III^i 
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&.(^ + 1) K -T^nW) n 



c.ikr-)\ • / c,(k}-' - c,{k) 



( (h\-^ - .,s\ Cs(fe) ^-g ^c^fc) ^c^(fc) i-g^c^fc) ^ 

£»(5c5(fc)^ -Q Cs(fc)-Ct(fc) _ 1 



We remark that we use Lemnia 14.21 (|4.9p and (|4.12p - (|4.13p when we verify the 
equahties in cases 1-4. □ 

The foUowing result can be proved by similar arguments to those for [3, 4.20]. 
The only difference is that we use our rational functions T40c(2/,s) instead of those 
for cyclotomic Nazarov-Wenzl algebras. 

Lemma 4.32. Fix an integer k with 1 < k < n—1 and suppose that 5, t, u G ^^'^{X) 

such that Sfc_i — 5k+i, Sk — Sfc+2, f ~ s, u ~ s and that Skt and Sk+iU are both 
defined with s^t — Sk+iU. Then 

h{kfEa{k+l) = h,{k + l)^E,,{k). 
The following combinatorial identities will be used in the proof of Theorem 14. 191 

Proposition 4.33. Suppose that s,t' e 3^"'^(A) with 5k-i = Sfc+i, Sfc ^ Sk+2, 

t' ^ 5 and t' 5, where 1 < fc < n — 1. Then the following identities hold: 
Euik) , 1 



l~5 



C,(fc)ct(fc)-1 " C,(fc)2-1' 

Eii{k) _ c.(fc)2 + l ,1 cikf 



b)y ^^iW!±^_5-i,+(l 

^ (C,(fc)ct(fc) - 1)2 (C,(fc)2-1)2 ^^^52 (C,(fc)2-l)2^£;„(fc) 

^ V- ^tt(fc) ^ c,(fc)ct>(fc) + l _ 1 

^ ic,ik)c,{k)-l){c,{k)ceik)-l) (C,(fc)2-l)(ct,(fc)2-l) ^' 

Proof. Evaluating both sides of ()4.15p at y = Cs(fc)^^ and using (14. 7p gives (a). By 
Proposition [4?29] and Corollary [430] we have 

Ek- T^^T T^EkV^ = ]EkV^. 

V ~ v \ V V / 



' {y - Xk)iv - Xk) v~y\ y 

Comparing the coefficients of on both sides of this equation yields 
y Eqjk) ^ 1 ( Wk{y,s) Wkjv^s) )^ 

^ (y - ci(fc))(w - ct(fc)) v-y\ y v )' 

Let y — Cs{k)^^. We use (a) to rewrite the above equality and obtain the following 
equality: 

Eu{k) 



(4.34) 



^ (l ~ C,{k)Ci{k))iv - Ci{k)) 

Wk{v,s)+S-'g-^ _ _^ v + c,{k) 

V Q + 



v{l-VC,{k)) ^ (w2 - l)(l-c,(fc)2) 



Setting V — Ci'{k) ^ gives (c). Now we set v — c^{k) ^. There are four cases we 
need to discuss. 
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When 2\r and HLi = follows from that 



^ il - cJk)cdkW ^ ° ^ 



C,(fc)ct(fc))2 (1-C,(fc)2)2 



c,(fc)2y-lJ- c,(A:)-i-ct(fc) c,(fc)-i -c,(fc) 



t~5 

Ms 



C5(fc)2 - (5c5(fc) - 1 ,,s2TT Ct(fc)-C5(fc) 



This proves (b) under the assumption 2 | r and n[=i Ui = g ^ . One can verify 
(b) in other cases. □ 

We are going to check that the action of ^r,n(u) on A(A) respects the defining 
relations of ^r.n(u). 



Lemma 4.35. Suppose s G ^^^''(A). Then 
Efvs — uJoEiVs, for 1 < i < n. 
EiX^EiVs = LOkEiVs, for k eZ. 

(Xi - - M2) • • • (^1 - Ur)v, = 0. 

XiXjVci = XjXiVs for 1 < i, j < n. 
EiXiXi+iv^ XiXi+iEiVs = EiVi,, 1 <i <n~l. 
{T,X, - X,+iT,)v, = 5X,+i(E, - l)v„ forl<i<n-l 
{X,T, - T,+iX,)v, = S{E, - l)X,+iv,, forl<i<n-l 
TkXiVs = XiTkV^ if I ^ k,k + I. 
EkEk±iEkVs = EkV^. 
EkTkV^ = gEkV^ = TkEkVs ■ 
TiTjV^ = TjTiV^ if\i-j\ > 1. 
X,X^^ = Xr^X, ^1 forl<i<n. 



Proof. We have already proved (a) and (b) for fc > in Corollarv l4.30l (c)-(h) and 
(1) can be verified easily. By (c), we have (b) for all fc e Z with fc < 0. (i)-(k) can 
be proved by arguments similar to those in [3, 4.23,4.25, 4.27a]. When we prove (j) 
we need to use Proposition I4.33r a) instead of [3, 4.21a]. □ 

It remains to check the defining relations (b), (c)(ii), (h)(ii) in Definition 12. II 

Lemma 4.36. Suppose that s £ ^^"^(A). Then (T| - STu + SgEk)vs = v^. 

Proof. We prove the result by computing the coefficient of Vi in the expression of 
(T^ — STk + SgEk)v5. There are two cases we have to discuss as follows. 

Case 1. Sfe_i ^ Sfc+i: 

Then EkV^i — 0. If SfcS is not defined then as(fc) G {q, —q^^} and 65 (fc) — (see 
Lemma ITT7)) . So, (Tf - 6Tk + 6gEk)v^ = v^. If SkS G ^"''(A) then by the choice 
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of the square roots in (|4.18p fa) we have 

(r| - STk + 6gEk)v, =(Tfc - S)(^a,{k)v, + K{k)vs,,) 

^as{k){as{k)v^ + bs{k)vs^^^ - s{as{k)vs + hs{k)vsk^ 

—v^ (by Lemma I337]) 

Case 2. Sk-i = Sfc+i: 
We have 

(T^ - JTfe + 5gEk)v, 
= ^ ( ^ (fc)r„t(fc)) - (5 ^ T,t(fc)z;t + ^ i;.t(fc)vt. 



The coefficient of in (T| — (JT^ + SgEkjVg is equal to 1 since 

k 

_^ 5^E,,{k)E,,{k) 5\E,,{k)-l) 5^{l-2E,,{k)) 



^ (c,(fcK(fc)~l)2 C.(fc)2-1 --v.. (C.(fc)2-1) 

. . _ . . . ^2 1 ^ ^1,^2 

?2 



1 + C,(fc)2 1 c,(fc)2 



52(l-2i?,,(fc)) , J2(i?„(fc)-1) 



(1-C,(fc)2)2 1-C,(fc)2 

= 1. 



(by Proposition [433i;b)) 



If t ~ s and t 7^ s then the coefficient of Vi in (T^ — STk + SgEk)vs is zero since 
^T,„(fc)T„t(fc) -5r,t(fc) +5f?S,t(fc) 

pE,^{k)E^t{k) S{E,,{k)~l) SE,t{k) 



V- S''E,„{k)E„i{k) 

2-^ irAh\r.(k\ -^\^r^(h^rAh^ -^\ 



{C,{k)c„(k) - l)(c„{k)ci{k) - 1) C,(fc)2-1 C=(fc)ct(fc) - 1 

J£,t(fc) ^(i;tt(fc)-l) S^E.tjk) 
"^c,(fc)ci(fc)-l ct(fc)2-l c,(fc)ct(A;)-l ^ ^ 



(C,(fc)c„(fc) - l)(c„(fc)ci(fc) - 1) (C=(fc)2 - l)(c,(fc)ci(fc) - 1) 

+ s-'o) 



1 1 



(Ct(fc)2 - l)(c.(fc)ct(fc) - 1) C,(fc)ct(fc) - 1 

c2p £^»»(fc) c,(fc)et(fcj + l 1 • 

' (C.(fc)c„(fc) - l)(c„(fc)ci(fc) - 1) (C.(fc)2 - l)(Ci(fc)2 - 1) ^ ^. 

=0 (by Proposition l433T cl'l. 
Therefore, (Tf - ^Tfe + 5gEk)v, ^ v^. □ 

Proposition 4.37. Suppose that s e =3^"''(A). Then 
a) Ek+iEkVs =TkTk+iEkV^. 
h) Ek+iEkVs = Ek+iTkTk+iv^. 
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Proof, (a) We assume that Sk-i = Sk+i since otherwise Ek+iEkV^ = TkTk+iEkVs = 
0. Let s G =3^" (A) be such that s ~ s and = 5k+2- Note that E^v^ — for any 
s G ■Sr^'^iX) with Sk-i ^ Sk+i. So, 

TkEk+iEkVs - SEk+iEkV^ + SEkVs 

= iTk-6)Ek+iE,^^,{k)v~, + 6YE.i{k)vt 

= {Tk - 5)E,^i{k) J2 E~,i{k + l)vt + 6j2E.i{k)vt 

t ~ S t~S 

=E,~,{k)E~,~,{k + l)YT~.iik)vt + Y E,r,{k)Ei^,{k + l){a,{k)v, + h{k)vs,i) 

k ~ .k + 1. , - 

-5E,^m Ei,{k + l)v, + 5YE.i{kW 
t'i'i it. 
If Sfct is defined, for t in the second sum, then {skt)k ^ 5k+2 and u = Sk+iSkt is also 

k ~ 

defined. Further, we have u s and u 7^ s. Similarly, 
Tk+iEkV, = E,i{k) Y Tat(fc + l)«t + Y E,i{k)(^ 

We are going to compare the coefficients of in both TkEk+iEkV^ — SEk+iEkVg + 
SEkV^ and Tk+iEkV^. Note that Eii{k)Ess{k + 1) = 1 by Lemma lOTI 

Case 1. t = s: 

Since c%{k)ci{k + 1) = 1, the definitions and the remarks above show that the 
coefficient of Vi in TkEk+iEkV^ — SEk+iEkV^ + SEkV^ is equal to 

E,~,{k)Er,{k + l){Tr,{k) -5) + 6E,~,{k) 
= E,,{k)(5E,,{k + _ 5E,,{k + l) + 5) 



ci{kY-l 
5{Er,{k + l)-l) 



cj(fc + 1)2-1 
= E,i{k)Tr,{k + l) 

which is the coefficient of 

ill Tk^\EkV^. 

k 

Case 2. t 5 and t 7^ s: 

Now, c^{k) = c^{k + 2) and Ct(fc + 1) = ct(fc)^-'^, so the coefficient of Vi in 

TkEk+iEkVs - SEk+iEkV^ + SEkVs is 

E,i{k)E~,~,{k + l)Tjt(fc) + 5E.Ak) 
= E^,{k)Ev.{k + + -^i^.tCfc) 

= 5E,,{k) ^ 



l-cj(fc)-ict(fc)-i 
ct(fc + 2) 



ct(fc + 2)-ct(fc + l) 
= S,t(fc)at(fc + l). 
which is the coefficient of v^ in Tk+iEkV^. 

Case 3. t '^i^ s and t 7^ s: 

Since Ci(k)ci{k + 1) = 1, the coefficient of Vi in TkEk+iEkV^ — SEk+iEkV^ + SEkV^ 
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IS 



{at{k)-6)Eu{k + l)E,~,{k) 

"''"^''^ct(fc + l)cj(fc + l)-l 
^E,i{k)T~,,[k+l) 

which is the coefRcient of Vi in Tk+iEkV^. 

Now suppose that Ski is defined and let u = Sfe+iSfct be as above. Then the 
coefficient of w^^i in TkEk+iEkV^ - SEk+iEkV^ + SEkVi. is 



E,^,{k)Ei^{k + l)h{k) = ^E,,{k)^E,,{k + l)h{k) 



= VEM^E^^{k)bu{k + 1) 
= E,,,{k)b^{k + 1), 

where the second equality conies from (I4.f Sp ffV As s^t — Sfc+iU this is the coeffi- 
cient of Vs^i in Tk+iEkV^. 

In sum mary, w e have prov ed th at (TkEk+iEk - SEk+iEk + SEk)vc, = Tk+iEkV^. 
By Lemma [4.361 and Lemma |33SIj)j 

Ek+iEkV, - (T^ - STk + 5gEk)Ek+iEkV, 

= Tk{TkEk+iEkVs - SEk+iEkV^ + SEkV^) 
= Tk{Tk+iEkVs) = TkTk+iEkVa, 

and (a) follows. 

In order to prove (b), we need to consider four cases as follows. 

Case 1. 5k = Sfc+2 and Sk-i = Bk+i- 
We have 

Ek+iEkTk+iVs - SEk+iEkVs + SEk+iVs 
=Ek+iEkTs^ik + l)vs - SEk+iEkVi, + SEk+iv^ 
= {T,,{k + 1) - 6)Ek+iE,,{k)v, + 5Ek+iv, 
= ((r,,(fc + 1) - S)E,,ik) + 6)Ek+iv, 

'^^^(^ + 1)' {l-E,,{k))Ek+iv, 



C,(fc+ 1)2-1 

SjE^^jk) - 1 

C,(fc)2-1 

--T^^{k)Ek+iV5 = Ek+iTkV^ 



Ek+iVs 



Case 2. Sk ^ 5k+2 and Sk-i = Sk+i- 

Define s G ^,,{\) to be the unique updown tableau such that s ~ s and Sfc = Bk+2- 
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Then s 7^ s and 



Ek+iEkTk+iv^ - SEk+iEkV^ + SEk+iv^ 
=Ek+iEk{a^{k + l)vs + bs{k + l)vs^_^^s) - SEk+iEkV^ 
= {a,{k + 1) - S)Ek+iE,~,{k)vi 

6E,-,{k)c,ik + 1) ^ 
-c,{k + 2)-c,{k + lf'+'''' 

c^{k)c^{k)~l ^ 
=T^i{k)Ek+iVi, = Ek+iTkVs 



where the last second equahty uses the facts that c^{k+l)c^{k) — 1, Cs{k+2) = Ci{k) 
and (sfe+is)fc_i ^ (s/c+is)/c+i. 



Case 3. Sk = Sfc+2 and Sk-i ^ Sfe+i: 

Let s e ^ (A) such that s ~ s and Sfc+i = 5k-\- Then 

Ek+iEkTk+iv^ - SEk+iEkVs + 5Ek+iVs 
=Ek+iEkT^l{k + l)vi + SEk+iv^ 
=T,~,{k + l)E~,~,[k)Ek+iv~, + 5Ek+iv, 

=r,g(fc + l)ErM Eiiik + l)vi + S E.iik + l)v, 



and Ek+iTkVs = Ek+i{as{k)vs + bs{k)vs ^) = as{k)Y, k+i E^tik + l)wt since 
(sfcs)fe / {skS)k+2 However, smce c^{k + 1) = c^{k)^^, we have 

T,j(fc + l)Er,{k)Eii{k + 1) + 5E,,{k + 1) 



5^EUk + lWE,,{k + l) ^ 

c.(^ + l)c,(fc+l)-l +^^-(^ + 1) 
5cs(fc + 1) 



^,t(fc + l) = a,(A:)i;,t(fc + l). 



C5(fc + 1) - Cs(fc) 

So, Ek+iEkTk+iv^ — SEk+iEkVs + 5Ek+iVs — Ek+iTkV^- 



Case 4. 7^ Sfe+2 and s^^i ^ Sk+i: 

Under our assumptions, we have Ek+iEkTk+iVs — SEk+iEkV^ + SEk+iVc, = &s(fc + 
l)Ek+iEkVs^^is and Ek+iTkV^ = b^{k)Ek+iVs^5. If (sfe+is)fe_i ^ (sfe+is)fc+i then 
(sfcs)fc ^ (sfes)fe+2. So, Ek+iEkTk+iVs - 5Ek+iEkVs + SEk+iVs, = = Ek+iTkVs- 
Suppose now that {sk+i5)k-i — {sk+is)k+i and let s G 5^"'^(A) be the unique 

~ k 

updown tableau such that s ~ s^^+iS and = 5k+2- Set t = SkS and u = Sfe-)_iS 
and observe that the assumptions of (|4.18p (f) hold, so that bi{k) ^ Eii{k + 1) = 
bu{k + l)v/-Euu(fc). As = 6t(fc) and 6,(fc + 1) = feu(fc + 1). By (liT^ fd). 
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together with the fact that t' '^-i^ s if and only if t' '^-i^ SkS, we have 
Ek+iEkTk+iVs - SEk+iEkV^ + SEk+iv^ 

r ~s 

=h,{k + l)E^i{k)Ek+iv~, 

^b,{k + \)E^i{k) J2 E~,e{k + l)ve 

=6,(fc) ^ En'{k + l)ve 

I' ~ s 

^bsik)Ek+iVs^^s = Ek+iTkVs 

In summary, we have proved that Ek+iEkTk+iv^ — SE^+iEkV^ + 5Ek+iVs = 
Ek+iTkV, for any s G ^„"'^(A). So, Ek+iTkiTk+iv,) = [Ek+iEkTk+i - SE^+iEu + 
5Ek+i){Tk+iVs)- Now, (b) follows from Lemma [4.361 and Lemma [4.351^ 1) (j ) . imme- 
diately. □ 

Lemma 4.38. Suppose that s G J5^"'*(A) with 5k~i ^ Sfc+i and 5k ^ Sfc+2; where 
l<k <n-l. Then TkTk+iTkV^ = Tk+iTkTk+iv^. 

Proof. One can verify the result without difficult if he uses the arguments in the 
proof of Lemma [3, 4.28]. We only give an example to illustrate it and leave the 
others to the reader. 

Suppose that either SkS is not defined, or SkS is defined and (sfes)fe ^ {skS)k+2- 
In this case, the formulae for TkEk+iT^Vs and Tk+iTkTk+iVa are exactly the same 
as those given in the proof of [3, 4.28] up to the definitions of at(A:), bt{k) etc. We 
can verify TkTk+iTkVa = Tk+iT}~Tk+iVs by comparing the coefficients of on both 
sides of the above equality. For example, we need to show 

a^{kfa^{k + 1) + a,,s(fc + !)(!- a^{kf + Sa,{k)) 
=a,{k)a,{k + 1)^ + as^^^,{k){l - a^ik + 1)^ + 5a^{k + 1)) 

when we prove that the coefficients of in TkTk+iTkV^ = Tk+iTkTk+iv^ are equal. 
The reader should compare the (|4.39p with that given in line 4, in [3, p93]. In our 
case, a,{k) = (5c(/3)(c(/3) - c{a))-\ a,(fc + 1) = Sc{j){c{j) - c{P))-\ a,,+,,(fc) = 
Osfcslfc + 1) = Sc{j){c{'y) - c(a))"^ if we write 5k Gst-i = a,5k+i GSk ^ /3,Sfe+2 Q 
Sk+i = 7- By direct computation, we can verify (|4.39p easily. □ 



Lemma 4.40. Suppose that s G £^^'^{X) and that either Sk-i — Sk+i and Sk 
Sfc+2, or Sk-i ^ Sfe+i and 5k = 5k+2, for 1 < k < n ~ 1. Then TkTk+iTkV^ = 
Tk+iTkTk+iVc,. 

Proof. The result can be proved by arguments given in the proof of [3, 4.29]. Since 
it does not involve huge computation, we include a proof here. 

Case 1. Sfe+iS is defined: 

Suppose first that 5k-i — 5k+i and 5k 7^ 5k+2- Then t = Sk+iS G J?''"^(A) is well- 
defined. Furthermore, 7^ tk+2 and tk-i ^ tfe+i, so TkTk+iTkVt = Tk+iTkTk+iVt 
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by Lemma OHl Now, Tk+Wi = at{k+l)vi+bi{k + l)v^ and6t(fc + l) ^ 0. Therefore 





-1) 


1 






-1) 


1 






-1) 



Tk{TkTk+iTk)vi - at{k + l){Tk+iTkTk+i)vi 

by Lemma [4.381 Hence, using Lemma [4.361 twice . 

TkTk+iTkVc, = , / , ((1 + STk - g5Ek)Tk+iTkVt - at(fc + l){Tk+iTkTk+i)vt 



bi(k + l 

' Tk+iTk{l + 5Tk+i ~ QSEk+i)vt — ai{k + l){Tk+iTkTk+i)vt 



bt{k + l) 
= {Tk+iTkTk+i)vi 

as required. 

The case when Sk-i ^ Sk+i and Sk — Sk+2 can be proved similarly. 
Case 2. Sk+iS is not defined: 

This is equivalent to saying that the two nodes Sfe+2 GSfc+i and Sk+i QSk are either 
in the same row or in the same column. Therefore, either Bfc C 5fc+i C Sk+2 or 
Sk D Sk+i D 5k+2- Note that in either case Sk-i — Sfe+i, so we have 

EkVs = ^Esi{k)vt + Es^{k)vs. 

Using Lemma 14.371 and Lemma I4.35f i) twice, we have TkTk+iTkEkV^ = 
gTkTk+iEkVs = gEk+iEkVs = Tk+iEk+iEkV^ = Tk+iTkTk+iEkV^. 

k 

Suppose that t ~ s and i ^ 5. Since the two boxes 5k+2 Q Sk+i and Sk+i Q 
Ik belong to different rows and columns, Sk+it is well-defined and tk-i = tk+i- 
By Case 1, Tk+iTkTk+iVt = TkTk+iTkVt. Consequently, Tk+iTkTk+iEss{k)v^ = 
TkTk+iTkEcj^{k)v^ . Canceling the non-zero factor Ess{k) shows that TkTk+iTkVc, = 
Tk+iTkTk+iVs. □ 

Proposition 4.41. Suppose that 1 < k < n - 1 and s G =3^"''(A). Then 

k-l-k+l-l-kVs — J-k+l-Lk-l-k+lVe- 

Proof. By Lemma [4.381 and Lemma [4.40) we need to consider the case when Sk-i = 
Sk+i and Sk = Sk+2- By Proposition I4.37f a) and Proposition I4.35f i ) . 

Tk+iTkTk+iEkVs = Tk+iEk+iEkVs = gEk+iEkV^ = gTkTk+iEkV^ = TkTk+iTkEkV^ 

Therefore, 

{Tk+iTkTk+i - TkTk+iTk) (E,,{k)v, + ^ E,^{k)v,^ = 0. 

Now, if t - s and t ^ s then TkTk+iTkVt = Tk+iTkTk+iVi by Lemma 14401 Con- 
sequently, TkTk+iTkVs. = Tk+iTkTk+iv^ since E^^{k) ^ 0. This completes the 
proof. □ 

Proof of Theorem \4-iy\ We have already checked the defining relations for 3§r.n on 
A(A). So, A(A) is a ^r,n(u)-module, as we wanted to show. □ 

The following result shows that we can chose Ui, g £ M such that the root condi- 
tions can be satisfied in R. 
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Lemma 4.42. Suppose that R — M. We choose q,Ui G in such a way that 

\logq2Ui\ > ■ ■ ■ > \logq2Ur\ > n and \logq2Ui\ — \logq2Ui+i\ > 2n, and one of the 
following conditions holds: 

r r 

a) q > 1 if either 2 \ r and g^^ = u/ or 2 | r and g^^ = q^^ Y[ '^i- 

1=1 1=1 
Furthermore, we assume that logg2Ui < if 2 \ i and logq2Ui > if 2\ i. 

r r 

b) < q < 1 if either 2 \ r and g^^ = ^ Yi or 2 \ r and g^^ = —q Y[ ui. 

1=1 1=1 
Furthermore, we assume that logq2Ui > Q if 2 \ i and logq2Ui < if 2 \ i. 

Suppose that s € ^"''(A) and I < k < n. Then 1 - ae,{k)^ + Sa^{k) > 0, if 

Sk-i Sk+1, and E^s{k) > 0, if Sk-i — Sfe+i- In particular, the Root Condition 

Ii4.18\ ) holds if we choose positive square roots y'bjli) > and ^jE^JJi) > 0. 

Proof. We start with the case Sk-i ^ Sk+i- Let a — Sk Q Sk-i and (3 — Sk+i Q 
Sfc. Define S = {a € R'^\\logq2a\ > 1}- By the definitions of c{a) and c(/3), 
c{f3)c{a)^^ = uf^uf^q'^^'^'^'^'-'^ for some integers i,j,k and We want to prove 
c(/3)c(a)"^ e S. There are two cases we need to discuss: 

Case 1. uf^f^ = 1: 

In this case, a and P are in the same component of A. Also, both a and /3 are either 
removable nodes or addable nodes of A. By Lemma HT51 e(/3)efa)~^ 7^ 1. Therefore, 
c(/3)c(a)-i = g2(±fc±;) ^ 

Case 2: uf^^^ ^ 1: 
We have 

|Z0ff,2(uf ^U±lg2(±fc±i))| ^ I _t log^^u, ± logq2Uj ±k±l\ 

> I logq2 Ui ± logq2 Uj \ — |fc±Z| > 2n — \k ±l\ > 1. 
Hence, c(/3)c(q:)"1 e S. So, 

{c{P) - q-\{a)){c{P) - qMa)) 



1 - ae,{ky + (5as(fc) = 



(c(/3) - c(a))2 



> 



c(q) 

Now, we prove E^^ik) > 0. Since we are assuming that \logq2Ui\ — \logq2Ui+i\ > 
2n, \logq2Ut ± logq2Ut/\ > 2n if t' ^ t. Therefore, the signs of logq2U^^ u^^ q^^^'^^'^^ 
and ±logq2Ut ± logq2Ut' are the same. In other words, 

(4.43) . > 0. 



Similarly, we can verify 



urur 1 



±2^2(±c±d) _ I 



(4.44) ' ^ ,3 > 



uf' 1 

Next we consider the case Bk-i = Sfc+i- Let a — Sk 0Sfe-i and A — Sk-i- Write 
a = {i,j,t). 

Let Utq'^'^\ for 1 < i < ^ + 1, be the contents of the addable nodes of A^^*^ and let 
M^^g^^'^j , for 1 < j < ^, be the contents of the removable nodes of A*^*-*. We may 
assume that 

Ci > di > • • • > Q > rf; > Q + i. 
Let Et be the sign of the product of ' '^here (3 runs over all of the addable 

and removable nodes of A*^*^ such that [3 ^ a. First we consider Sf where t' ^ t. 
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By (I4.43p . Ef is equal to either the sign of 



or the sign of 



{utUl^ - 1)' {utUf - 1)'+^ 1 - UtUf 



It is not difficult to see that the signs of the last two equations are the same. 
Suppose t' <t and q> 1. There are four cases we have to discuss. 

• Both t' and t are odd. Then Uf > Ut and UtUf > I. 

• t' is odd and t is even. Then Uf > ut and UtUf > 1. 

• t' is even and t is odd. Then Uf < ut and UtUf < 1. 

• Both t' and t are even. Then Uf < ut and utUf < 1. 

So, £(' < if i' < t. When t' > t, we switch the role between t and t'. So, et' > 0. 
When < 9 < 1, we use instead of the previous q. Since \log^g-r)2Ui\ = 
\logq2Ui\, we still have Sf < if t' < t and Sf > if t' > t. Hence 

Suppose c(a) — utq^"^', for some i. et is equal to the sign of 

,-l„-2<ifc • 



11 utiq^c, - (?2c.) 11 y^^2c. _ ^-iq- 



By (|4.44p . it is equal to the sign of 

i+i . I 

n ,(2.i.)_i n(-^^^-"^-i) 

fc=i, ^ k=l 

SO Et = {-ly-^i-iy-'^ = 1 if g > 1 and et = = 1 if < g < 1. 

If c(a) — u^T^q^^'^J, for some j, then ej is equal to the sign of 

' „-2g-2(d,+d,) „ ^ W g2(c,-d,) _ ^ 



By ()4.44p . it is equal to the sign of 

fc=i. ^ k=l 



ri ,-2(...-..)-i n('^^"-^-^-^)- 



So et = = -1 if g > 1 and Ct = {-iy-^{-iy = -1 if < g < 1. 

In summary, we have proved 



(4.45) 



I\i<t'<r^t' = i^'^f ^ if c{a) = utq^"^ ioY some i , 

l<t'<r 

We determine the sign of E^a (fc) as follows 



l\i<t'<r'^t' = (-1)*, if c{a) = Ut ^q ^-^j , for some j . 
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Case 1. q > 1, r is odd and g ^ ~ 11^1=1 



Ui 



1 ^ c{a)-c{a)-' , TT c{a) - c{f3)-^ 
""-^'^ ^ S n e(a)-c(/3) 



£<fc(a)2 n[=i "/ pj-^ c(a) - c(/3) 

On the other hand, under our assumption, we have 

• c{a) < q^^ if either 2 | t and c(a) = Utq^^^ or 2 f i and c(a) = u^^q^^'^^ for 
some i, 

• c(a) > q^^ if either 2 1 1 and c{a) — Utq"^"^' or 2 | i and c(a) = u^^q^^'''' for 
some i. 

Since we are assuming that q > 1, S > 0. By (|4.45p . Essik) > as required. 
Case 2. < g < 1, r is odd and g^^ = — 01=1 '"i" 

^ '^J-^i c(a)^c(/3) 

-1 , , N -In, / n n TT c(a)c(/3) - 1 



ic{a)+q-')ic{a)-q)Y[ 



5cia) c{a) - c(/3) 

On the other hand, under our assumption, we have 

• c(a) < g if either 2 | t and c{a) — utq^'^^ or 2 \ t and c(a) = u^^q^^'^^ for 
some i, 

• c(a) > q if either 2 \ t and c(a) = Utq^'^^ or 2 | t and c{a) ~ u^^q^^'^' for 
some i. 

Since we are assuming that < q < 1, 5 < 0. By (|4.45p . E^^{k) > as required. 



Case 3. g > 1, r is even and ^ = 9 ^ 111=1 



Ui 



_ 1 / / n2 _ 2n c(a) -pr c{a)c{fi) - 1 
1 , , , s , , X s TT c(a)c(/3) — 1 

On the other hand, under our assumption, we have 

• c(a) < g if either 2 | t and c{a) — utq'^'^' or 2 f i and c{a) = u^^q^^'^^ for 
some i, 

• c{a) > q if either 2 \ t and c{a) — utq^'^^ or 2 | t and c{a) = u^^q^^"^' for 
some i. 

Since we are assuming that q > 1, S > 0. By (|4.45p . Esg{k) > as required. 
Case 4. < g < 1, r is even and g^^ = —Q' 111=1 
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c(a)-c(/3)- 



gS q^c{aY c{a) - c(/3) 

1 2 -2^ c{a) -pr c(a)c(/3) - 1 



-(c{a)+q i)(c(a) ) 11 



On the other hand, under our assumption, we have 

• c(a) < q^^ if either 2 | t and c(a) = utq^"^^ or 2 | i and c(a) = u^^q^^'^^ for 
some i, 

• c{a) > q^^ if either 2] t and c(a) = Utq^^^ or 2 | i and c(a) = u^^q^^'^^ for 
some i. 

bmee we are assuming that < g < 1, (5 < 0. By E:^^ (fc) > as required. □ 

5. A CELLULAR BASIS OF ^r.n(u) WITH ODD r 

Throughout this section, unless otherwise stated, we always keep the following 
assumption: 

Assumption 5.1. Let R be a commutative ring containing invertible elements 
q,q — q~^ 1 and Ui, 1 < i < r. We also assume that fl U {g} C R is u-admissible. 

The main purpose of this section is to construct a cellular basis for ^i^r,n- We 
remark that we assume that r is odd. In other words, r = 2p + 1 for some non- 
negative integer p. 

In [1], Ariki and Koike have proved that Ariki-Koike algebra J^r,n is free over 
R. Given a non-negative integer / < [^J . Then J^r,n-2f can be identified with the 
subalgebra of J^r,n- Since we have not proved that ^r,n is free over R, we could 
not say ^r,ni is a subalgebra of ^r,n2 if '^i < ?^2- However, there is an algebraic 
homomorphism from ^^r,ni to ^r,n2 ■ So, we define „^ to be the image of ^r,ni 

in ^^r,n2 • 

Proposition 5.2. Given a positive integer n > 2. Let En = Sir,nEi^r,n be the two- 
sided ideal of S§r,n generated by Ei. Then there is a unique R-algebra isomorphism 

£n{gt) = Ti + £n and eniUj) = Xj + £„, 
for 1 < i < n and 1 < j < n. 

Proof Let 5 = {Xj + £n,T^ +£„ \ I < i < n - 1,1 < j < n}. By Definition \U[ 
S generates ^r,n/£n- Therefore, e„ is an algebraic epimorphism. We claim that 
^r,n/£n is free over R with rank r"n!. In fact, we consider ^^r,n/£n over Rq := 
Z[u^^, g^^, S^^] where S — q—q^^. Further, we assume that u, q are indeterminates. 
We have constructed the seminormal representations for .^r.n with respect to all 
A e A+(n - 2/), < / < J under the conditions in Lemma and (|4.18p . 
In particular, we have seminormal representations of ^r,n over M. As M is not 
finitely generated over Q, we can take r + l algebraically independent transcedental 
real numbers Vi £ R and q. We define i?i = Z[vi,V2 ■ ■ ■ ,Vr,qi^^ , S^] Also, we 
assume ilL) {g} is v-admissible. By Lemma [4.421 A(A) are ^^.n/^^n-modules for all 
A e A^(n) over the field M. By Wedderburn-Artin theorem for semisimple finite 
dimensional algebra, 

dimK^^,„/(i;i} > r"n\. 
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So, the image of an M-basis of ^^r^n has to be R-linear independent, and hence 
i?i-hnear independent. Therefore, SSr^n/£n is free over i?i with rank r"n!. 

Note that Ri = i?o as rings. So, ^r.n(u) over _Ro is isomorphic to ^r,Ti(v) over 
Ri as i?o-modules. The corresponding isomorphism sends Ui (resp. q) to Vi (resp. 
q). So, SSr,nl^n is frcc over Rq with rank r"n!. By base change, it is free over an 
arbitrary commutative ring R. So, £„ is an isomorphism. □ 

Definition 5.3. Given a non-negative integer / < [^J. Let = 
En-iEn^3---E„-2f+i and let i^/„ = :^r,nEf ^r,n- If / = LfJ ^ ^, thcn we 
set = 0. 

By Definition 15.31 there is a filtration of two-sided ideals of ^r,n as follows: 
1 L-J L-J+i 

For < / < let 7r/,„ : .^/„ — ^ ■'^l,nl ^IX^ be the corresponding projection 
map of .^r.ra-bimodules. 

Since we are assuming that r = 2p + 1 for some non-negative integer p, we 
set N,. = {—p . . . , —1, 0, 1, . . . ,p} and define N/^'" to be the set of n-tuples k = 
{ki, . . . , kn) such that ki G Nr and ki only for i — n — 2j + l,l<j<f. Thus, 

^ - ■■■^n-2f+l- 

Lemma 5.4. Suppose that k e N/-" < / < [f J . T/ien EfX'^£'^_^j C 
where ^,i-2/ ^•^ image of £n-2f in i^r,n- 

Proof. The result follows since E^X^ commutes with f'i-2/- '-' 

By Proposition [521 and Lcmma l5.4l there is a well-defined i?- module homomor- 
phism aj : J^r,n-2f — ^ n/^rn^ ^ ^'^^ esLch non-negative integer / < [-IJ, such 
that 

af{h) = Efen-2fihy + , for h e jr,,„_2/, 

where en-2f{h)' is the image of e„_2/(^) in S§r,n- 

We recall the following definition in [3]. Suppose that / is a non- negative 
integer with / < [^J. Let 23/ be the subgroup of 6„ generated by {s„_i} U 
{s„-2i+2Sn-2j+is„-2i+3Sn-2j+2 | 2 < 1 < /}. Let T = {{n - 2/), (2-'')) and define 

i'^d = (ti, t2) is a row standard r-tableau and the ~i 
first column of I2 is increasing from top to bottom J ' 

For any positive integers i, j, write 

Si-iSi^2- ■ ■ Sj, ifi>j, ( Ei^iEi^2 ■ ■ ■ Ej, if i > j, 

1, if Ei^j " P' if » = J, 

^SiS^+i • • ■ Sj_i ifi<j. [EiE^+i ■ ■ ■ Ej-i ifi<j. 



l<ij<---<il<n; 
l<H-<Jfc<"-2'= + 2;l<fc</ 



Lemma 5.5. Suppose that < / < [^J. T/ien 

(5.6) f/,7i = I S„_2/+l,i^ S„_2/+2,jj, ■ • • S„_i,ij S„jj 

Proof. It has been proved in [3] that T>f ,n is a complete set of right coset represen- 
tatives for &n-2f X 05/ in S„. So, 

^ ^'"^ |6„_2/||»/| " (n-2/)!/!2/- 

Let P/ ,j be the set given in the right hand of (|5.6p . Then #2?i.„ = (2)- In general, 
since we are assuming that 1 < if < jf < n — 2/ + 2, if G {1,2,-- - ,rt — 2/-I-1}. 
There are n + 2 — 2/ — i/ choices for jf. In this case, by induction assumption. 
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there are #2?/_i^„_i^ choices for the sequences ii, ji, . . . which satisfy 

the inequahties in (|5.6p . So, 



#P},„ - (n - 2/ + l)#P}_i^„_i + • • ■ + 1 ■ #P}_i^2/-i- 
By induction assumption on ^P^ -^ ^, for 2/ — 1 < fc < n — 1, 

„ w ^ V (fc-2/ + l)(fc-l)! 

(fc- 2/ +!)!(/ -l)!2/-i- 

By induction on n, we have = {n-2fy.f'2f ^ #^/,n- S™ce 2?/,„ D 

Given two standard A~tableaux s, t for some r-partition A. It has been defined 
in [9] that 

r Qs-l 

= 9d{,)-^ Y[Yl(y ~ X! 9w ■ gd(i), 

s—2 2—1 wGSa 

where a,_i = |A(i) | + ■ • • + |A("-i' |. 

For each w G let T^, = • ■ -Ti^. if s^jSi^ ■ ■ ■ Si^ is a reduced expression of 
w in 6„. By Matsumoto's theorem (see e.g. [12, 1.2.2]), e ^r,n is independent 
of the reduced expression of w. 

Definition 5.7. Suppose that A G A+(n — 2/), for some non-negative integer 
/ < Lf J- For each pair (5,t) of standard A-tableaux define 

■r a.s-1 

= Td(,)-i • n n - J2 ^» • '^dii)- 

Lemma 5.8. Suppose that A G A+(n — 2/), /or some non-negative integer f < [^J . 
for anys,te 3^'**'*(A), 

a) i;-^Mst = M.tEf G ^/^„. 

6) //kg NJ^'" t/ien Af^t^'"^ = X^A/.j. 

c) If w is a permutation on {n — 2f + 1, . . . , n} then AI^iT,^ ~ T^AI^i. 

d) CT/(m,t) =7r/,„(/;/M,t). 

Definition 5.9. Given a A G A+(n - 2/) and < / < [f J. Define ^f}J'^^ to be 
the two-sided ideal of ^r,n generated by and the elements 

{EfM.i I s,t G and /i G A+(n- 2/) with ^l\>\}. 

We also define Sgr}J'^'^ = X;p>A where in the sum /i G A+(n - 2/). 

Theorem 5.10. Suppose that s G J?'''*'^(A). Lei As(/, A) he the R-suhmodule of 
l^r}J'^^ spanned by {E^ M,,X''Td + .-^r}^'^^ \ (t, k, d) G (5(/, A) } , where 
3(1 A) = { (t, K, d) I t G ^""(A), K G NJ^^" and d G P/^„ }. Then A,{f, A) is a right 
^r,n-'module. 

In order to prove Theorem 15. 101 we need several Lemmas as follows. 

Lemma 5.11. Let Ni be the R-suhmodule generated by „_2^n-'iX^_iTd where 
d G Pi.n ttnd —p < a < p. Then Ni is a right ^r,n-'module. 

Proof. We need to verify 

(5.12) Er,-iX^_,Tdh G iVi 

for any h G {T„E„Xi,l< i<n-l}. Since X, = r,_iA:,_iT,_i, {T,,E„Xi,l< 
i < n — 1} are algebraic generators of I^r,n- Since we are assuming that d G I?i,ti, 
by Lemma [STSl d ~ Sn-i,iSn,j for some integers i,j with 1 < i < j < n. 
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First, we verify ((5l^ for h = Ek, I < k < n - 1. By Definition \TT\h)(c). 
En-iX^_^TdEk - EkE^^iX^^^^Td G TVi if fc < i - 2. When A: = i and j = z + f , 

77' va rp 1^ TP TP va. rp (f*) 77' 

where wl^^i G Z(^r,n-2) is given in Lemma l4.2f I For the simplification of notation, 
we use ujI^}i to express its image in .^'..„_2 the previous equation. Since En,i = 
i+i, U!^_iEn^i e Ni. li j + I < k, then 



En- 






'l^iTn,j Ek 


= En- 




-\En~ 


-l,iTn,k-lEkTk-lj 


= En- 


\ra 




-l,iTn,k+lEk-lEkTk-lJ 


= En- 






-l,k-2Ek-lTk-2,iTn,k+lEkTk.-lJ 


= Ek- 


-2-E„- 




-lTn-l,kEk-lTk-2,iTn,k+lEkTk-l,j 


= Ek- 






1 TT" Va TP rp TP ^ 

-2M-\ "^-^ ri-\^n-^,k-\^n,k+\i^k^ k-l,j 


=Ek- 


-2Tk- 




1 x^ — a rp j-1 TP TP TP ^ 
-2.k-l n-2-'-ri-2,k-lJ^nM+l-t^k-t^k-lJ^k-Lk-l,j 


=Ek- 


-2Tk- 




-2.k-l^n-2Tn-2,jEn,k £ ^1 



ft is not difficuh to check (|5.12p if one of the conditions holds: (1) /c = i — 1, (2) 
k = i,i > i + l, (3) i + 1 < A: < j - 2, (4) A: = j - 1 and j > i + 1, (5) A: = j. We 
leave the details to the reader. So, (|5.12p holds for h = Ek for all positive integers 
A: < n — 1. 

Now, suppose h — Tk- Similarly, there are eight cases we have to discuss. We 
only check three cases and leave the remainder cases to the reader. Note that the 
result for A: < z — 2 follows immediately from Definition 12 . iT b) (c) . 

If A; = i and j > i + 1, then 

E„-iX^_iTn-i,i+iTiTn,/ = ' E„-iX"_iT„-ij+i{l + 5Ti — gSEi)Tnj G A''i 

since we have already proved that ()5.12p holds for h = Ei. Similarly, when k = j, 

En-iX^_iTn^i^iTnj+iTj = £'„_iX"_jr„_i^iT„ j+i (1 + STj — gSEj) G A^i. 

Finally, we consider the case when h = Xi. By Definition l2.1( b)-(c). (|5.12p holds 
when i > 1. If i = 1, then 

771 -\ra rp ^ V TP X^Q + lrp— 1 rp 

Since we have verified (ISTT^ for h e {Ti, Ei \ I < i < n-l}, by DefinitionO KT^ 
still holds when h = T^^^ for aU 1 < i < n - 1. So, S„_iX,'^_iT„_i,,T„jXi G iVi 
if En-iX^^l G iVi. By assumption, it is the case when —p < a < p. So, we need 
consider the case a = p. We have 

En-lXfj!i\ — En-lXfi^_^Tn^2Xn-2Tn~2 

= En-l{Tn-2Xll_2 - SX^_j^{En-2 - '^)X'^^_2)^n-2Tn-2- 

i=l 

We claim that En-iEn-2X^_2 G A^i for all positive integers A: < p + 1. If so, 
then E„^iXPt\ G Ni since S„_iX;_i G Ni for 1 < t < p, En-iT^-2Xlt\ = 
En-iE^-2Xl+J2T-\ and ^„_iX;_i^„_2 = X-:2-E„-i^„-2. We remark that, in 
this case, we need to use (|5.12p for h G Ei\\<i<n — 1}, which has been 
proved. 

In order to prove our claim, we use En-2X^'^\ instead of En-.iX^\, and repeat 
the previous arguments, we see that our claim holds if En^iX^ G iVi for all positive 
integers 2<z<rt — l,0<A:<p and < A; < p + 1 when i = 1. Since 
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Y[i=i {^1 ^ Ui) = and r — 2p+l, we can use —p < k < p instead ofO<A;<p+l 
when i = I. 

Obviously, S„,„_iX^_i e iVi. In general, E„,,X^ = E„,,+iT,X^T,+i. By 
Lemma 12.31 



k 

E^,a^ = (X^iT, + J2SXi^liE^ - l)xf-^)T,+i. 

Since we have already proved that A^i is stable under the actions of Ej,Tj, 
1 ^ J ^ " ~ Ij by our induction assumption on i and k, En^iXf S iVi. 

When i = 1, we have to discuss the case when —p < k <0. In fact, En^iX^_^ e 
A'^i for any —p < k < 0. In general, 

7^ vk 7-1 T^^l V^T^^l 

^E^,+,{X^^,T-' - ^ SXr^,{E, - l)Xf+^)T,-\ 



By our induction assumption on i and k, we have En.iX^ E Ni. Setting i = 1 
yields the result as required. □ 

The following results can be proved by arguments in the proof of Lemma 15.111 
Corollary 5.13. Let d G Vi n and let a be integers with ~p < a < p. 

a) En^iX"_iTdEn-2 G ^'j. j^_2-En-lEn-2- 

b) En^iX"_iTclEn-l € ^^ „_2'^n-l- 

Lemma 5.14. For any A; G En-iX^^_iEn-3 G where is the R-submodule 
of ^r,n generated by ^'^ „^_^En-iX^_-^En-3 and .'^'^.^^^^En^3Xf^_^En~iTw where 
w = diSn-i,n-3Sn,n-2 for some 1 ^ dl G I'i,n-2 and £ G Z with \£\ < p. 

Proof. Note that En_iX!^_j^E„_3 = En-3X^_^En-iEn-2En-3- Applying 
Lemma 15.111 on En-3X^_^, we can write En-3X^_^En-iEn-2En-3 as an R- 
linear combination of elements in [^'^ ^_^En-3X^_^Td^En^iEn-2En-3 where di G 
T>i,n-2 and £ G Z with \£\ < p. Such elements are in N3 if c?i 7^ 1 since 
En-iTdi — Td^En-i and £'„_ii?„_2£^n-3 = En^iTn-2Tn-iTn-3Tn-2- When 

dl = 1, En^3X^^_^Td^En~lEn-2En-3 = En-lX^^_^En-3 G ^^3 • ^ 

Lemma 5.15. Given an integer —p < k < p. En-s^'^ n-2En-iEn-2Xn-2 ^ ^iyk 
where N^^k is the R-submodule of 3Sr,n generated by 



v^l 7^ yki rp rp 
-4£'ri-3^„-3£'Ji-l^n-l-'tii 



d2 e {1, Sn-2, Sri-2Sn-l}, 

dl e2?i,«-2,|4| <vAki\ < \k\ 



Proof. Applying Lemma [113^3) (6) (resp. Corollarv l4.27p on En-iX^_iTn-i (resp. 
En-iX^_iTn-2En-i), wc scc that both of them can be written as i?-linear com- 
binations of elements in ^_2En-iX^_i with \m\ < \£\. Now, one can verify 
A^4_feT„_i C 7V4.fc by Definition 12.11 and Lemma [5.111 for „_2 without any diffi- 
cult. 

Given a positive integer k < p and an element h G „_2- Then 

En-3hEn-lEn-2X^_2 = En-3hEn-lTn-2X^_2Tn-l 

'^k'„_3/l£'„_i(X^_jT„_2 + ^ &Xl^_i{En-2 — l)-'^n-2)^n-l 

1=1 
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By Lemma [5. Ill for En^^h, En^^hEn~\X^_{rn^2Tn-i G N^^k- Also, we have 



En-ihEn-lXl-i^_-^X^-^_2Tn-l — En-3hX'^^_2En-lX^_iTn-l G 



k- 



One can verify the above inclusion by using Ni^kTn-i C N^^k and Lemma 15.111 for 

En-3hX^_l. 

Finally, by induction assumption on k (when fc = 0, the result is trivial since 
S„_i£'„_2 = En^iTn-2Tn-i), wc have 

hi :— En-3hX,^^2En-lEn-2X^_l G N^^k 

for all positive integers i < k. Since A'4,feT„_i C A^4,fc, ft-iT„_i G A^4.fc. So, 

En^3hEn^lEn-2X^_2 G A'"4^fc. 

The case when — p < fc < can be discussed similarly. The only difference is 
that we have to use Lemma r2.3r 4) instead of Lemma [2.3( 1). We leave the details 
to the reader. □ 

Lemma 5.17. Let N4 be the R-submodule of ^r,n generated by 
Kn-iEn-3X'^_^E^_iX^_{rd,Td, where G {1, 

£,k G Z with —p < k,£ < p. Then N/^h C h for h G {r„_i, T„_2, En-i, En-2}- 

Proof. By Corollarv l5.13l and Lcmma fS.lll we have N^Ei C iV4 for i G {n — \, n—2}. 
Using this result together with Lemma [^751 and Definition l2.1f b). we have N4Ti C N4 
for z G {n - 1, n - 2}. □ 

Lemma 5.18. Fix an integer £ with —p < I < p. Let Mi C ^r,n be the R- 
module generated by {^^j.^^_^En^iX^l_iEn-3X^^_^\k G Z, |i| < \£\}. Let N4 be the 

R-module defined in Lemma \5. 1 7[ Lf En-iX^_j^En-3X™_^Tn-2Tn-3 G N4 for all 
integers \£'\ < \£\ and \m\ < p, then Mg C iV4. 

Proof. First, we assume that < z < |^|. By Lemma Oil Mi C iV4 if 

(1) En-iX^_iEn-3Xi_3 G N4 for aU o G Z and \a\ < p, 

(2) A G iV4 where A = S„_3^°-3^n-i^^<ii^^"-2r„_3r„_iT„_2^;-3 for all a G 
Z, \a\ < p and 1 7^ di G Vi n-2- 

By the definition of N4, (1) holds. We prove (2) by induction on i. 
Suppose i = 0. (2) holds since diSn-2Sri-3Sn-iSri-2 G 2^2, «■ When i > 0, 

A 77 ^ T7 T' V"* T' T' T' 

A —£jn-3^n-:i-l-di-l^n-lJ-n-2^n-2J-n-3J-n-lJ-n-2 

(5.19) ^ V- ■ i-- 

J=l 

We consider the second term (up to a scalar in R) of (|5.19p as follows. 

En-3Xn-3TdiEn-lTn-2Xl^_2En-3Xl^J^Tn-lTn-2 
=En-3X^^_^Td-^X^^^En-lEn-2En-3Xl^J^Tn-2 
=En-3X^_^Td-^X^^^^En-lTn-2Tn-3Tn-lTn-2Xl^J-;^Tn-2 

G ■i^l,^_^En^3X^^_^T^i^En-lTn-2Tn-3Tn-lTn-2X!^J^Tn^2 

d'iei'i,„-2 

Ed[ ^ 1, then E„^3XC3Td[Er,-iTr,-2Tn-3Tn-iTn-2Xi;'J3T„^2 G A^4 by indue- 
tion assumption on i and Lemma 15.171 

If d[ = 1, we still have i;„_3x;jL3£;„_ir„_2T„_3r„_ir„_2x;i^3r„_2 = 

En_iX^^'_,E.n-3Xi;'J3Tn-2 G A^4, by LemmamZl 
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We consider the third term on the right hand side of (|5.19p . We have 

=En-'iX'^_^Td^X'^J'^En-lEn-2Xl^_2Tn-2 G ^4 

We remark that we use Lemma fS.lSI for En-zX^^_^Td^Xl^J^En^xEn-2X-l-^_2 and 
Lemma [5. 171 to get the above inclusion. 

We use Lemma to express the first term on the right hand side of (|5.19p as 
foUows: 

i 

(5.20) En-3Xn-iTdiEn-l{Xn_{Tn-2 + (5X^_-^ (_E„_2 — l)X^_-'2 )T„_3T„,„_2 . 

i=i 

Since we are assuming that di ^ 1, (iiSn-i,n-3Sn.n-2 G T^2.n- So, the first term 
on the right hand side of (|5.20p is in N^. 

By Lemma [5TI] for En-3X^,_3Td,Xi;i^2Tn-3, and Lemma [5l3 

En-3X^_^Tdj^Xl^J2Tn-3En^lX^^_^Tn-iTn-2 G ^4- 

In other words, the third term on the right hand side of (|5.20p is in 

In order to show that the second term on the right hand side of (|5.20p is in A'4, 
we need to show that 

B :— En-3X^_^TdiEn-lX^_j^En-2X^j'2'En-3Tn-lTn-2 G ^4- 

Note that 

En-3Xn-3TdiEn-lX^^_-^E„-2Xl^J2 = -En-sX^.gTdj X^^a-^'n- 1 -E'n-2-'^^-'2 • 

By Lemma 15.151 B can be written as hnear combination of elements in 
^'^,^_4^En^3X^_^Td'En^iX^_-i^Td^Tn-3Tn-iTn-2, whcrc u, w G Z with |m| < p, 
\v\ <i— j<i — 1, d'Cz 'Din-2, d2 G {1, s„_2, s„_2Sn-i}- In Order to finish the 
proof, we need to show that 

(5.21) C := En-3Xn_^Td'En^iX^_iTd2Tn-3Tn^iTn-2 G -^4- 

There are four cases we have to discuss. 

(1) c?2 — 1- By Lemma 15.111 and Lemma 15.171 C G A'4 since 

J^n-3^n-3^ d' J^n~l^n~l^ n~3 ~ -f^ii-3^„_3 ^ d' J n-3^n -l-^„- 1 • 

(2) d2 = Sn-2 and d' ^ 1. C £ sinc e d' Sn -2Sn-3Sn-lSn-2 G I?2,n- 

(3) d2 = Sn-2 and d' ~ 1. By Lemma 15.171 and our assumption C G A'4 since 

C = En-3Xl',_^E.n-lXl^{r,,^2Tn-3Tn-lTn~2 and \v\ < I - 1 < t - I. 

(4) d2 — Sn-2Sn-i- (15. 21^ foUows from Lemma r5 . 1 71 and the result for d2 = s„_2- 

This completes the proof of the result under the assumption < i < When 
— 1^1 < * < 0, One can verify the result similarly by induction on i. Note that the 
result holds when i = 0. We remark that we have to use Lemma I2.3f 5) instead 
of Lemma ESl). We also need A'^47;~^ C A'4 for i = n — 2,n — I which follows 
from Lemma 15.171 and Definition I2.1f b) , immediately. We leave the details to the 
reader. □ 

Lemma 5.22. Fix an integer i with —p < £ < p. Let be the R-module defined 
in Lemma \5.17\ If En-iX^_iEn^^Xl^_^Tn^2Tn-3 G A'4 for all integers < \£\ 
and \m\ < p, then £'„_3X,'J_3i?„_ii?„_2^^_2^n-3 G A'4 with a G Z and \b\ < \£\. 
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Proof. First, we assume that < & < \e\. Let h = En-zXn_^En-iEn-2X'^-2Tn-?,- 
By Lemma r2.3f l). we have 

b 

(5.23) h = En-3X^-3^n-lE„-2{Tn-3X^-^_^ - ^ dX^^_2{En-3 - l)X^^Zl). 

1=1 

The first term on the right hand side of (|5.23p is equal to 

(5.24) En^3X:^_;^En-lEn-2En-3X^_3T^}2 = En-lX^_^En-3X^_^T^}2 

which is in A'4 by Lemmas 15.1 7flO^ 

The second term on the right hand side of (|5.23|) (up to a scalar) is equal to 
Er,-3X^ZlEn-iEn-2En-3X^Z!3, which is in N4 by (CTl) . Finally, by LemmaHHl 
the last term is in 

When 6 < 0, one can verify the result similarly. We remark that we have to use 
Lemma [273l 4) instead of Lemma [2.3f 1). □ 

Proposition 5.25. En-3X^_^En-iX^_^Tn~2Tn-3 G for all integers k,£ with 
—p < k, £ < p. 

Proof. Let h — En-3X!^_^En-iX^_^Tn-2Tn-3- We prove £ A'4 by induction on 

\e\. 

If £ = 0, then 

h =En-3X^_^En-lTn-2Tn-3 — En-3X!^_^En-lEn-2T,-^liTn-3 

=En-lX^^_lEn-3En-2Tn-3Tn]:i ~ £^„_iX^'_i-Eri-3T^,i-2^n-l ^ -^4 

by Lemma [5 .171 If ^ > 0, by Lemma I^TST l). we have 

(5.26) h = i?„_3Xt3£;„-i(r„_2X^2 - 5Xl_,{Er,^2 - l)Xl-\)T„^3 

i=l 

The first term on the right hand side ()5.26|) is equal to 

Z? Z? Z7 TP TP rp—1 

-C'n-3^n-3-^n-l-'n-2^n-2-'n-3 — -C'n-3^n-3-^n- l-^«-2-^n-2-' n-3 ^ 1 

which is in A'4 by our induction assumption on for all integers < t ~ \, together 
with Lemma [5.221 and Lemma [5 .171 

By induction and Lemma WT^ En-3X^_3En_iX'„_^En-2X^Z!2Tn-3 = 
En-3X^tiEn-iEn-2Xl:^\Tn-3 £ A'4. So, The sccond term on the right hand 
side (IPS)) is in A'4. 

Finally, we consider the third term on the right hand side (|5.26l) . However, this 
term is equal to £'„_3X^_3X^~2'^„_3£'„_iX* which is in A'4 by Lemma [5. Ill 

When £ < 0, one can verify the result similarly. We remark that we have to use 
Lemma 1^751 4) instead of Lemma [2.3f l). □ 

Proposition 5.27. Let N2 be the R-submodule of ^r,n generated by 
^r.n-4En-3X!^-3En-iX^_^Td where -p < k,i < p and d £ 2?2,n- Then N2 is 
a right ^r.n-^odule. 

Proof. Applying Lemma [5.111 twice . En^3X!^_^En^iX^_-j^Tdh, for h G ^r,n, can 
be written as an i?-linear combination of elements 

77! ^ ^ TP V^l 

=^r,Ti^n-3^„_3Jn-3,i4 Jn-2,i3-C'n-l-^„_l Jn-l,i2-'n,ii 

where ii, 12, 13, «4, fci, G Z with 12 < zi, 14 < 13, —p < fci, < p. In order to show 
that En-3Xl^_^En-iX^_iTdh G A'2, we need to show 

(5.28) A :— En-3X^^Z^Tn-3^i^Tn-2,iiEn-lXl^_^Tn-l^i^Tn^i-^ G A'2. 

We are going to prove (|5.28p by induction on 12. 



42 



HEBING RUI AND .TIE XU 



We assume that 14 > 12- Otherwise, A ^ N2 and (|5.28p follows. In particular, 
()5.28p holds for «2 G {n — 1, n — 2}. By Lemma [5.111 and induction on 12, 

(5.29) £;„_3^;,„_2£^n-l^n-ir„-l,»^T„,,, G N2 

for all integers Z2,i'i with i'2 < i'l, i.j G Z, — p < j <p and > 12- 
Since we are assuming that ^4 > 12 and 22 < n — 2, 

/I TT" V^l Z? 

^ — -C^n-3^,i-3-f^ri-l^„_l-iri-l,i2 Jr^-2,^4 + l-^ri-l,^3 + l-'n,^l■ 
By Proposition l5.251 ^ is in the i?-submodule of ,^r,n generated by 

771 X^fc2 rji TP V^l 

'^r,n-4^n-3^n_3-'di-C^n-l^„_l-i(i2-' 11-3,42-' "-2,14 + 1-^ "-1,13 + 1 

where di G I?i,,i-2, ^2 G {s„_2, s„_2Sn-i, 1} and -p < ^2,^2 < P- In order to 
prove (|5.28p . it suffices to prove 

(5.30) B := En-3X^^_^Td-^En-lX^^_-^Tcl2Tn-3^i2Tn-2,i4, + lTn-l,i3 + lTn,i-i G N2 

There are three cases we have to discuss. 
Case 1. c?2 = 1: 

We ha ve B = En-sX^%Td^Tn-3,i.2Tn^2M+iEn-i^n-iTn~i.i3+iTnM which is in 
N2 by (|5.29p if is + 1 < ii. When «3 + 1 > ii, Tn-i.i3+iTn,ix = Tn,i^Tna3+2 and 

(5.31) B — En-3X^^_^Td-^Tn-3A2Tn-2Ai + lEn-lX^^_^Tn^i-^Tnaa+2- 

We use Lemma f2.3f 3)(6') for En-iX^^_-^Tn-i to write S as a linear combination 
of elements in Er,-3^'^,n-2En~iXi_^T„^i,,,T„,^3+2 with -p < j < p. By (lO^ . 
B G N2. This completes the proof for (i2 = 1- 

Case 2. (i2 = s„_2: 

We have B - S„_3^,^3T^diT„_3,^2T„_2,z3^n-i^,t-i7^n-i ,i4+i^n,ii which is in N2 
by the result for d2 = I. 

Case 3. ^2 = s„_2S„-i: 
If 13 + 1 < ii, then 

B = En-3X^^_^Td-^Tn-3,i2En-lX^^_-^Tn-lAi + lTnAa + lTn^i-^ 

— -f^n-3^n_3 J di n-3, 42 -'n-2,ii-2-C'n-l^„_l-'n- 1,44 + 1 Jn, 23 + 1 

So, (|5.30p follows from (|5.29p . Finally, we assume that 13 + I > ii- Then 

r} TP TP T^2 rp 

-D — -C'ri-3^„-3Jdi Jr^-3,^2-^^I^-l^r^-l-'n~l,^4 + l-'n-l-'"-l,^l-'n,^3+2■ 
By Definition EHb), 

j-j. 22-) ^ =-B„-3X^i3T(JiT„_3_,;2i?„_iX^l^r„_l^j4 + l 

X (1 + STn-1 — SgEn^i)Tn-l,iiTnS3+2- 

The second term on the right hand side of (|5.32p is equal to 

SEn-3X^^^_.jTdj^Tn-3,i2Tn~2,i3En~lX^_^Tn-lA4 + l 

By our result for o?2 = 1, it is in N2. Similarly, using Corollarv l5.13b . Lemma l5.11l 
(|5.29p . we see that the third term on the right hand side of (|5.32p is in N2. In order 
to prove B G N2, it remains to prove that 

(5.33) C := En^3X'^^'^_^Td-^Tn-3^i2En-lXj^_^Tn-l,i4 + lTn^l,i-i^TnA3+2 G M. 

In fact, when 14 + 1 < zi, 

fe2 £2 J5:^ 

C = En^3X^^_^Td-i^Tn-3^i2Tn-2,ii-lEn-lXjj^_-^Tn^l^i^ + lTn^i3+2 G A'2 . 
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Suppose that Z4 + 1 > ii. By Definition [TTJb), 

Note that T„_i,ijT„_i,i4+2T'„_,;3+2 ^ r«- 2,»4+i^»-i,nr7i,i3+2- By (|5.29p. the first 
and the second terms on the right of (I5.34|l arc in A^2- The third term on the right 
of (|5.34p (up to a scalar) is equal to 



En- 




■iTdiTn- 


-3A2 


Yi2 


-lEn-2Tn-2AiTn-l,ii+2TnA3+2 


=En^ 




■iTdiTn- 


-3,42 -'^rJ 


^2^n- 


-lEn-2Tn-2AiTn-lAi+2TnA3+2 


=En- 


Yk2 


■iTdiTn- 


-3.^2^71^ 


^2^n- 


-lTn-l,iiTnAi+2Tn,i3+2 


—En^ 


Yk2 




■342^72- 


^2^n- 


15.291 

2,i3-E'„_iT„„i_ij^T„^i4+2 £ -^2 



We have proved that (|5.33p holds in any case. So, B E N2 and hence (|5.28p 
holds. □ 

Proof of Theorem I5.10t We claim that M is a right ^^.n-module where M 
is the i?-module generated by 3§'^.^_^fEfX'^Td with n e N^^'" and d e P/,„. If 

so, E^ M^iX'^Tdh + SS^^'^^ can be written as an i?-linear combination of elements 
Msi3§'^,^_^^fEf X'^'Td' + S^r^n'^'^ for k' e Nl^" and d' e Now, the result 

follows immediately from Lemma l5.8f d). 

It remains to prove our claim. Let d G f /,«. By Lemma [5751 

d = Sn-2f+l,ifSn~2f+2.jf ' ' ' Sn-l.ii Sn j"i 

for some integers ii, . . . ,if , ji, . . . , j f such that I < if < ■ ■ ■ < ii < n, 1 < < 
jk < n — 2k + 2 for I < k < f . Write d — (iis„_i^ijS„.jj . For any h e £^r,m since 

/ 

E^ X'^Tdh — JJ^ i?„_2i+l-'f„"2i^L^^dl-^n-l^ri-l^^«-l,n^n,ji/i, 
i=2 

by Lemma [5.111 E^ X'^Tdh G where N is the i?-submodule of ■^r,n generated by 
/ 

]^i?n-2i+l-'^^"2j>Y^dl"^r,ri-2'E'n-l-^n"l'rn-l,fcl^ri,fi 
1=2 

where K'^_iki,£i e Z with fci < £1 and < P- By induction assumption on 

n — 2 for our claim, EfX'^Tdh is in the i?-submodule of 3Sr,n generated by 

/ 

■^r,n-2/ W En-2i+lX^'Z2l+iTwiTn-l,kiTn,ii 
1=1 

with wi = S7i-2f+i,kfS7i-2f+2,£f ■ ■ ■ Sn-3M^n~2i2 ^ith wi G P/-i,„-2 and 
lK^_2j^il < p for !<«</. If wiSn-i.kiSn/i G 2?/_„ then our claim follows. 
In particular, our claim follows if fci G {n — 2,n — 1}. It remains to prove 

/ 

(5.35) ^ - n En-27+iX^l2T+iVn-i,k,Tn^e, G M 

i=l 

for k2 > fci. We prove it by induction on ki. In general, we have 

/ 

(5.36) A = l[ i?„_2.+i<r2l;Yr<i.B 

i=3 

where B — £'„_3X„"3^£'„_iX„"^^T„_3^fe2^n-2,£2'^"-i,fei'^n/i and ^2 = 

Wl(s„_3_fc2S„_2,f2)~"^- 
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When ki E {n — l,n — 2}, there is nothing to be proved since k2 < n — 3 < ki. 
Suppose ki < n — 3. By arguments in the proof of ()5.28p for 14 > «2, we can write 
B as an i?-hnear combination of elements 

where ki < k[ < l[ and —p < < p. By induction assumption on £§r,n-2 for 

our claim, we can write X'^T^h as an i?-linear combination of elements 

/ 

where a G N/'", yi G Py_i_„__2 and /cj > fci. By our induction assumption on fci, 
C G M. This completes the proof of our claim. □ 

Proposition 5.37. Let * : Jl§r,n ^ £^r,n be the R-linear anti- involution in 
Lemma\E3 Suppose < / < [f J anrf A G A+(n - 2/). Then SS^}J / 3§r,n '^^ is 
spanned by the elements 

(5.38) { T:XPEfM,,X-Td + ^^}J'^'^ \ (t, d), (s, p, e) e A) } . 

Proof. Let be the _R-submodule of '^^ / S§^}ri spanned by the elements 
in (|5.38p . By Theorem I5.10| W is both left and right ^r,n-submodule of 

3§F}rI'^^ /^r}J'^^. As the generators {E^M,, + Sgr}J'^^] of SgF}J / SSr}J '^^ are 
contained in W^, = /^^i^'^^ . □ 

Definition 5.39. Let A+„ = { (/, A) | < / < [f J and A G A+(n - 2/) }. If 
(/, A) e A+„ and (s, p, e), (t, k, c?) £ 5{f, A) then we define 

C^'^^ w, = T*XPEfAh,X^Td. 

{s,p,e){t,K,d) e ill u 

We recall the definition of cellular algebra as follows. 

Definition 5.40. [16] Let i? be a commutative ring and A an i?-algebra. Fix a 
partially ordered set A = (A, >) and for each A G A let T(A) be a finite set. Finally, 
fix C4 e A for all A e A and s, t e r(A). 

Then the triple (A, T, C) is a cell datum for A if: 

a) { C'st I A G A and s, t G T(A) } is an i?-basis for A; 

b) the i?-linear map * -.A — >A determined by (C^)* = C4, for all A G A and 
all s,t G T(A) is an anti-isomorphism of A; 

c) for all A G A, s G T{X) and a € A there exist scalars rtu(a) 6 R such that 

C4a= ^ rUa)C^u (mod 

ueT(A) 

where A^'*' = i?-span { C^^ | p [> A and u, v G T{fi) }. 
Furthermore, each scalar rtu(a) is independent of s. An algebra A is a cellular 
algebra if it has a cell datum and in this case we call { C^^ | s, t G T{X), A G A } a 
cellular basis of A. 

We recall the representation theory of cellular algebras in [16]. Every irreducible 
A-module arises in a unique way as the simple head of some cell module. For each 
A G A fix s G T(A) and let = C^t.+A^^. The cell modules of A are the modules 
A(A) which are the free i?-modules with basis { \ t G T{X) }. The cell module 
A(A) comes equipped with a natural bilinear form which is determined by the 
equation 

C^,C^,, ^ 0a(Q\ Q^,) • C^, (mod A^^). 
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The form (f>\ is A-invariant in the sense that (j)\{xa, y) — 4>\{x, ya*), for x,y € A(A) 
and a € A. Consequently, 

RadA(A) = {xe A(A) | (px{x,y) = for all y G A(A) } 

is an ^-submodule of A(A) and — A(A)/RadA(A) is either zero or absolutely 
irreducible. Graham and Lehrer have proved that {D^ \ ^ 0} consists of a 
complete set of pairwise non-isomorphic irreducible A-modules. 

Now, we use the representation theory of a cellular algebra to prove Theo- 
rem [5311 the main result of this section. 

Theorem 5.41. Let R be a commutative ring which contains the invertible elements 
q,ui,U2T ■ ■ ,Ur andq~q^^. Suppose thatflU{g} is u-admissible. Let 3§r,n he the 
cyclotomic BMW algebras over R with 2 \ r. Then £§r.n is free over R with 

= { (^(ip!e)(i,.M) I (t' d) e <5(/, A), where (/, A) G A+„ } 

as its an R-basis. Further, ^ is a cellular basis oj d§r,n{^)- 

Proof. By Proposition 15. 371 ,'^r,n is an _R-module spanned by . First, we assume 
R — Ro where Rq = Z[u='=^, g^-'^, {q — q^^)^^] and u,q are indeterminates over Z. 
we prove that is _Ro-linear independent. As R is not finitely generated over Q, 
we can take r + 1 algebraically independent transcedental real numbers Wi £ M and 
q. We define i?i = V2 ■ ■ ■ ,Vr, q^^, S^]. Then i?i = Rq as ring isomorphism. 
Therefore, ^r,n over Rq is isomorphic to ^r,n over Ri as i?o-algebra. 

We have constructed the seminormal representations for ^r,n with respect to 
ah A G A+{n ~ 2/), < / < [f J under the conditions in Lemma KE\ and (jiTTH)) . 
In particular, by Lemma I4.42L we have seminormal representations of .^r,™ over 
M. We remark that we are assuming that U p is v-admissible. By arguments in 
the proof of Theorem 5.3 in [3], we have that A(A) are irreducible .^^.n-modules 
for all A e Ar{n - 2f) and < / < [f J. Further, A(A) ^ A{n) if A 7^ ^. By 
Wedderburn-Artin theorem on semisimple finite dimension algebras, 

dimR Mr,n > dimR Radi^,,„ > ^ #^„"''(A)' = r"(2n - 1)!!, 

(/,A)eA+„ 

the last equality follows from classical branching rule for cyclotomic Brauer alge- 
bras, which was proved in Theorem 5.11 in [22]. It was also proved in [3, 5.2]. 
Therefore, dimR ^r,n = r^{2n — 1)!! and is i?i-linear independent. So is over i?o. 
This shows that is an Rq basis of ^^r,n- By base change, is an i?-basis for an 
arbitrary commutative ring. Further, by Proposition 15.371 is a cellular basis of 
£§r,n as required. □ 

In Theorem l5.411 we have assumed that r is odd. Wc remark that the only place 
we need this assumption is that we use Proposition 15.371 to prove that ^r,n is an 
i?-module spanned by 

When r — 1, ^r,n is the usual BMW algebra defined in [8]. It has been proved 
in [25] that BMW algebra is cellular. Late, Enyang gave an another proof of this 
result in [11]. 

6. Classification of the irreducible ^r,n(u) - modules 

In this section we assume that F is a field which contains invertible elements 
q and q — q~^ ■ We also assume that Q, U {q\ is u-admissible. By 
Theorem 15.411 ,'^r,n is a subalgebra of i^r,ni if n < ni. Therefore, we will identify 
SSr,n with „ defined in the previous section. 

We are going to classify the irreducible ^^.n-modules over F. We remark that 
we assume that r is odd. 
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All modules considered in this section are right modules. 

Lemma 6.1. Given a positive integer f < [^J . We have E-f^r.7iEf = ^^r,n-2fE^ . 

Proof. First, we assume that / = 1. By Theorem l5.411 the resuh foUows if we prove 
En-ihEn-i G ^r,n-2£^«-i for each ceUular basis element h = T*XPEf M^iX^Td, 
where (s, p, e), (t, k, d) E S{f, A). 

By Lemma EH En-iT*XPEf M^iX^Ta e Ni where Ni is the i?-submodule of 
^r,n generated by ^r,n-2En-iX^_^Td where d G Vx^n and —p<k<p. Further, 
by Corollarv l5.13r b) for En-iX!^_-^TdEn-i, we have 

En-lT*XPE^ M^lX'^TdEn-l G ^r,ri-2-E'„_i. 

The inverse inclusion follows since ■SSr.n-2En-i = En-id§r,n-2En-2En-i C 
£'„_i^r,n£'n-i- Using the result for / = 1 repeatedly, we have E^^^r.nE^ = 
^r,n-2fEf for all positive integers / < [^J. □ 

It is proved in [9] that U^j^g^+^^^jmst | 5,t G £^^*'^{X)} is a cellular basis for 
J^r,n- Let A(A) be the cell module of J^r,n defined by this cellular basis. Let (px be 
the corresponding symmetric associative bilinear form. Let (pf^x be the symmetric 
associative bilinear form on the cell module A(/, A) which is defined via the cellular 
basis of J^r,n given in Theorem 15.411 

Lemma 6.2. Assume that (/, A) G A+„. 

a) Let f ^ n/2. Then <j)f,x 7^ i/ and only if (j^x 7^ 0. 

b) Let f = n/2, and assume thattOa ^ for some non-negative integer a < r— 1. 
Then 4>ffi ^ 0. 

c) If uii = for all non-negative integers i <r — 1, then cjjf^Q = for f = ri/2. 

Proof, (a) can be proved by arguments similar to those for [21, 3.1]. In order to 
prove (b), we assume that £ E Z and k G We have 

'^2k+lE2k+lE2k-l ■ ■ ■ El 



=E2k^ 


-lX2k+lE2k^ 


-iE2k-i ■ ■ ■ El 








—E2k+lX2k+lE2k- 


-lE2kE2k-lE2k+lE2k- 


-3 • 


■■El 


—E2k^ 


-lE2k-lX2k- 


-lE2kE2k-lE2k^ 


-lE2k- 


-3 • 


■■El 


—E2k- 


-iXik-iE2k^ 


-lE2kE2k+lE2k- 


-lE2k- 


-3 • 


■■El 


=E2k- 


-lX2k-lE2k^ 


-lE2k-lE2k-3 ■ ■ 


■Ei 






—E2k^ 


-lE2k-lX2k- 


-lE2k-lE2k-3 ■ ■ 


■El 







=E2k+iE2k-iE2k~3 • • • EiXiEi, by induction assumption 

=UJlE2k+lE2k-lE2k-3 ■ ■ ■ El. 

Since we are assuming that iliJ {q} is u-admissible, by Theorem 15.411 is an 
F-basis of 

ji. Since _E'2A;+1-^2A;— l-^2fc — 3 ' ' ' ^1 ^ ^2k-\-l — ^^"^ 

^^,o{E^,E^Xi_i ■ ■ ■ Xix[) = ^ 0. 

This proves (b). 

Suppose that a,/3 G N/'" for / = 7i/2 . Using Lemma [Ol repeatedly, we have, 
for any w G ©„ 

FtX" • • X^^E"^ = E'ihEi 

for some h G ^r.2- By direct computation, EihEi = for all h e ^r,2, forcing 
E^hEi = 0. Therefore, 0^,0 = 0. This proves (c). □ 
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Lemma \ol2\ sets up a relationship between the irreducible 



-modules and the 



irreducible .^_„_2/-modules for all non-negative integers / < [^J. Note that we 
can keep the assumption that Ui ~ q^\ki G Z by using Dipper-James-Mathas's 
Morita equivalent theorem for J^r.n-2f- In "separate condition", such a result was 
proved in [10]. By [2], [4] and [6], irreducible ^,„_2/-modules are indexed by 
u-Kleshchev r-multipartitions of n — 2f. 

Theorem 6.3. Suppose F is a field which contains non-zero elements q,ui, . . . ,Ur 
and q — . Assume thatQ.\j{Q\ is u- admissible. Let SS^.n, 2 \ r be the cyclotomic 
BMW algebra over F. 

a) If n is odd, then the set of all pair-wise non-isomorphic irreducible SSr,n- 
modules are indexed by (/, A) where < / < [^J and A are u-Kleshchev 
multipartitions of n — 2f . 

b) Suppose that n is an even number. 

(i) If Ui ^ for some non-negative integers i < r — 1, then the set of 
all pair-wise non-isomorphic irreducible d§r,n-fnodules are indexed by 
(/, A) where < / < ^ and X are u-Kteshchev multipartitions ofn—2f. 

(ii) If uji = for all non-negative integers i < r — 1, then the set of 
all pair-wise non-isomorphic irreducible SSr,n-fnodules are indexed by 
(/; A) where < / < ^ and X are u-Kteshchev multipartitions ofn—2f. 
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